1. OnpepeneHMe aHTaroHUCTUYECKOW UrPbl U ee peLueHUs.
[Tycrs dyukuus F(z, y) onpegenena Ha IeKapTOBOM IPOH3BEICHHH
XN« Y, roe XY — mMuOMKecTBa NPOH3BOIBHON NPHPOIHL.
Onpedeaenue. Tapa (2% y°) € X x Y wmaseipaerca cedaosoti mouroti
dbyukumn F(z,y) na X x Y, ecian
Flz, ") < F(2" ") < F(a"y) Yo X, YycY
ILTH, SKBHBAJICHTHO,

(2.1)

™ = Fi? ") = mi 0
max F(z,y") = F(«,y") = min F(z", y).

OnumeM asTArOHUCTHYECKYIO Urpy. B Hell npuHHMAIOT yuacTHe JIBa HI-
poka 1 u 2 (mepestii u Bropoii). Hrpok 1 seiGupaer crpateruio r u3 MHOMKe-
cTea crpateruii X, urpok 2 peibupaer cTpaTeruio y U3 MHOMKeCTBA CTpaTeruii
Y. Hopuansnasa cdhopma Urpel moapa3yMeBaeT, YTO KaiK/Iblil NIPOK BHIOHpa-
eT CBOIO CTPATErHI0 He3ABHCHMO, He 3HAd BRIDOpa naprHepa. 3ajtaHa ghymk-
yua eviuzpuiua F(r, y) nepporo urpoka, onpeaenensasd Ha X x Y. Bemrpsim
F(x,y) nepBoro urpoka sBidercs NpourpeimenM wis sroporo. [eas nepsoro
HIPOKA COCTOUT B YBEJIUYEHHH CBOEro BHIUrphIma F(x,y), a nejas Broporo —
B ymenbitennn F(z,y). Takum 06pa3om, aHTATOHHCTHYECKAS HTDA 32/14€TC

HabopoMm | _ (X? Y, F (-EEJ'D

Onpedeaerue. Tosopar, 410 anTaroHucTHdeckas urpa [' umeer pewenue,
ecin pvakumsa F(z, y) umeer na X x Y ceqnosyio touky. [yvers (2% 4%) —
ceagoBas Touka gpyaknun F(z,y). Toraa tpoiika
(2% 4%, v = F(2° 1)) nassipaerca pemenuem urpsi, =%, y° — onmumaavhvt-
MU CTPATETHSAMH HIPOKOB, & U — 3HAYEHUEM HIPBL

HGKH.}KEI%.-I, HTO 3Ha"deHHe HI'PBI He 3aBUCHT OT Bblﬁl'}p'rl CeIOBOH TOTKH.

Jemma 2.1. Bermm (2 4%), (2%, y*) — e cemyoseie Toukn yHKIUNT
F(z,y)na X x Y, 1o F(2° 4°) = F(z*, y*).

Onpedeaenue. Antaronucrndeckas urpa I HassiBaerca mampuunoti, ecin
MHOZKeCTBA cTparteruii urpokos xoneuns:: X = {1, ...m}, Y = {1,... n}.
[Ipu stom npuaTo 0603HAYATEL CTPATErHIO IMEPBOTO MIPOKA Uepe3 i, cTpa-
TETHI0 BTOPOrO 4epe3 j, a BHIMCPHII mepsoro F(i,j) uepes a;;. Marpuua
A = (@ij)m=n Ha3BIBaETCH MaTpHUE Hrpbl. [lepBeiil HrpoK BHIOHpaET B Hell
HOMEp CTPOKH i, a BTOpoil — HoMmep crosbna j.

B obosnauennax marpuanoil urpet (i%, ;%) — cennopag Touka MaTpuib
A, ecim ago < app < apj, i=1,..m, j=1,...n



2. TeopemMa 0 He0O6XOAUMOM U AOCTAaTOYHOM YCNIOBMU CyLUECTBOBaHUS
ceanoBoi Touyku. MeTon noucka ceanoBbIX TOYeEK.

Pacemorpum urpy I ¢ Toukn 3penns nepeoro urpoka. [lyers on Beidpan

cTpateruio r. flcHo, 9To ero BRIMTPBIN OVIET HE MEHLIIe, eM in}ti F(x,y).
L=
Bemuauny inf F(x,y) HAZ0BEM 2apaHmuposaHubm Pesyismamom |Guiepol-
yeY
wem) i mepsoro urpoka. Hamnydnmmil rapasTHpoBaHHbI pe3yabTar s

nepeoro urpoka v = sup int F(r, y) HazsiBaeTCa HUNCHUM 3HAMEHUEM HTPHL.
reX UE

Onpedeaenue. Crparerns "

eccn inf F(z°, y) = v.
veY

Nepeoro HIrpoka HaskIBAeTCH .M,{IHEMJHMHHG?E,

Pacemorpum urpy ' ¢ Toukn 3penns Broporo urpoka. Eeam on BeiOpan
CTPATernio i, TO AJ1s HEero ecTeCTBeHHO CUNTATh FApaHTHPOBAHHBIM Pe3Vib-

taToM Bequauny sup F(x, y). [Ipourpeim sroporo urpoka 6viaer ue bojbiie,
=X
qeM 9Ta peauunHa. Hawnywmmit rapanTupoBasublii pe3yasTar 15 BTOPOTO

urpoka 7 = inf sup F(r,y) HABLIBACTCH GEPIHUM FHAMEHUEM HIPHL.
yeY zeXx
Onpedeaenue. CtpaTerns y” BTOPoro HrpoKa HA3BIBAETCH MUHUMAKCHOT,
ecmn sup Fz, y”) = 7.
reX
Hdemma 2.2. B moboit antaronuctudeckoii urpe I' cnpase1inBo HepaBeH-
CTBO U = .t

Teopema 2.1. 1) dna toro arobel dhyuknusa F(z,y) na X x Y umena
CeI0BYIO TOUKY, He0OX0AHMO H JI0CTATOYHO, YTOOBI OBLIO BBITIOJTHEHO PABEH-
CTBO

max inf F(z,y) = minsup F(z,y). (2.3)
zeX yeY yeY Leox

2) Ilyers Boimonneno pasenctso (2.3). Ilapa (2%, y°) Torma u tonsko Torma

0

ABIASTCH CeJI0B0IH TOYKON, Korjga ¥ — MaKCHMHHHAH, a yCI — MHHHMaKCHa

CTpaTel'il HI'pOKOL.

3. YcnoBuA cywecTtBOBaHUA MAaKCUMUHHbLIX U MUHUMAKCHbIX CTpaTemﬁ.

Teopema 2.2. [lycers chyukuusa F'(x, y) nenpepeiBaa va X x Y, e
X.Y — kommakrel Merpuuecknx mpoctpancrs’. [Tomoxnm

Yix) dgﬁrglﬁi}l} Flr,y). Torna

1) @yuakmua muaumyma W(z) = 1111.[}1} F(z,y) nenpepsipua Ha X.
ye




2) Ilpeanono:KumM J0MOTHATEILHO, YTO OPH KaxKaoM T & X MHOMKeCTEO
Y (z) coctout us eaunctTBenHoro anemenTa y( ). Toraa hyukmms y(x) Henpe-
phiBHA Ha X,

Onpedeaenue. Antaronncrudeckan urpa [ naseipaerca wenpepwenotl, ec-
au X, Y — napasuiesienune bl eBKJIHI0BBIX POCTPAHCTE, a hyHkiua F(x, y)
HenpepbiBHa Ha X x Y . B wactHOoCTH, npH
X = [a,b], Y = [c,d] 6ynem roBopuTh 0 HENMpPepPBIBHOH HIDe HA TPAMOYTOb-
HUKe.

13 reopemur 2.2 cieayer, ato B HenpepbipHoii urpe [ cymecrsyior vak-
CHMHHHBIE I MHHUMAKCHBIE CTPATEIHH HIPOKOB.

4. TeopeMa cyLIeCTBOBaHUsI CeANI0BOW TOUYKMU Y BOrHYTO-BbINYKNON hYHKLMUM.
Onpedeaerue. MuoxecTBo Z eBKIWI0BA NPOCTPAHCTBA HA3BLIBACTCH Gbi-
NYKABLM, €CTH I8 JII00BIX Touek ' = 2" u3 Z u mwoboro uncaa 0 < A < 1
Touka Az’ + (1 — A)z" Takyke npHHALIEKUT MHOKECTBY Z.

Onpedeaenue. Oyukuus hiz), onpejejeHHas Ha BBIIVKIOM MHOMKECTBE
Z, HAZBIBACTCH Ghinykiol, ecan 18 JIOeX Todek ' # z" u3z Z u moboro
quesia 0 < A < 1 BRIIOJIHEHO HEPABEHCTRO

hidz"4+ (1 = X)2") < Mh(2") + (1 = A h(Z"). (2.4)

Ecin nociieiHee HepaBeHCTBO BBINOIHEHO KAK cTporoe, To pvHKmusd il z) Ha-
3pIBACTCH cmpozo eévnykaot. Ecin Bmecto nepasencrea < B (2.4) durypn-
pyeT HepaBeHCTBO = (=), To dyukuus h(z) HaseiBaerca eoznymot (cmpozo
6o2nymoti).

Teopema 2.3. llyers X C E™ u Y C E™ — BBINYKJIBIE KOMIAKTHl €B-
KJIHI0BBIX TpOCTpaHcTR, a (pyvukuua F(r, v) nenpepoieaa na X x Y. [Ipeano-
JOKHM, 9TO npH Jwdom y € Y dyvuaknua F'(z, y) BOrHyTa 10 ' 1 0IpH J1000M
r € X ona seinykia no y. Torma dpyuknusa F(x, y) uvmeer na X x Y ceniopyio
TOYKY.

5. CmeLwaHHoe pacwinpeHue aHTaroHUCTU4YeCcKomn nrpbl.

Onpedeaenue. Cmemanuoil cTparerueil nepeoro Urpoka B urpe ' Ha3bI-
BAETCHA BEPOSTHOCTHOE paclpe/ieseHne ¢ Ha MHOYKecTBe cTpaTeruii X,

st mepBoro Urpoka IPHMEHHTH CMEIIAHHYIO CTPATErHi0 ¢ — 3TO BhI-
Oparh cTpaTernio r € X Kak pealu3alHio cIviaiHoil BeJIHUHHBI, HMe0Nei
3aKOH pacnpeaenenusi . lanee pacceMaTpuBalTcd TPH BHJIA CMENIAHHBIX
cTpaTerui.



1) [Myers X = {1,...,m}, kak 370 HMeeT MecTO B Marpuqnoil urpe. To-
ra BMeCTO © 118 0DO3HAMeHHs cMelllaHHoH cTpaTerud OV/1eM HCIOJIb30BaTh
" BepOATHOCTHBIH"BEKTOD P = (D1, ...\ P )+ VIOBIETBOPSIONIHI OIPAHIYICHHSAM

m
S pi=1 p; =0, i=1,..,m. Ecm npumenserca p, T0 crparerus i BulOu-
i=1
paeTcs ¢ BePOATHOCTBIO P;.

2) Ilyere X = [a, b], kak 3T0 HMeeT MeCTO B HENPEPBIBHOH HIPe Ha Mpsi-
MOYTOJIBHHKE. 3/1eCh CMeNIaHHasl cTparerusd — (PYHKINUS pacnpeiejeHus o

Ha oTpe3ke [a,b].

3) llyers X — BRINYKJIBIH KOMIAKT eBKJIHI0BA TPOCTPAHCTBA. 3/1eCh MPH-

MEpPOM CMelranHoil CTpaTel'iil MOMeT CAVAHTE BePOATHOCTHAA Mepa, cOCpe-
JOTOYeHHAd B KOHE'THOM "HCIe TOYMeK:

Q?(:E) = Z_pifm':“ (.I.‘), sz =1 p= 0, I(ﬂ < -‘Y! i=1,..,m,
Pe i=1 i=1
1, z=2z0,
Io(z) = ' i '
0, z#z0,

{o} — MHOXKECTBO BCEX CMEIIAHHBIX CTPaTeruii mepBoro HIPOKa Ha MHOXKecTEe X,

Muozxkecto X Oy1eM HA3ZBIBATH MHOYKECTBOM “UCTIHGLE CTPATEr Il MepBOro
HIPOKA (B MPOTHBOBEC CMEIITAHHBIM ).

BaiiMeMesa MOCTPOSHHEM CMEUAHHO20 PACULUPEHILA AHTATOHHCTHIeCKOH Hr-
pu I' = (X, Y, F(z,y)). Anasornano, mycTs {1} — MHOXKECTBO cMellaH-
HBEIX CTpaTeruii BTOporo Mrpoka, T.e. BepOATHOCTHBIX pachpeejeHuil i Ha
MHOZKecTBe Y ero uuetoix crpareruil. [lpm sagannwix crparernsax o uw
MaTeMaTHHIeCKoe OKHIaHHe BRIMTPHINIA MePBOTO HI'POKA onpe/iesgerca qop-

Myztof F(p,v) =//F(.r y)do(z)di(y). ABOHHON HHTErpas CyIIECTBYeT.
' X ¥

OﬂpEdEﬂEHHE. AHTArOHHCTHYECKAS HI'pa T — <{"r9}‘ {1}‘}, F("r?1 U))

HaA3LBIBaAeTCH CMEeIlllaHHBIM PACIIHPeHHeM HI'DBI I

Onpedeaenue. Pemenne (¢, 7% v = F(",1%)) urpw T maswisaerca pe-

meHneM HeXoauoil urpsl I B ememannerx crparernsx. [pn stom ¢, v? na-
SBIBAIOTCA ONMUMEABHBMU CMEUAHHbBLMY CTPATETHAME HTPOKOB, a U — 3Ha-
wenuem Hrpel I



H_H.HEE ﬁj-’_,[[,}"T [MOCTPOEHBL CMEIIaHHBIC PACHIHPEHHA MATPDHYHBIX H Hellpe-
PBEIBEHBIX HID H ﬁ}’,[[ET [MOKASAHO, YTO 3TH HIPLI BCerda HMeT pelleHHe B
CMEIIAHHBIX CTPRATEIHAX.

6. OCHOBHasaA Teopema MaTPUUHLIX Wrp.
Hanomuum, uro marpuunaa urpa I' sagaerca marpuneit A = (ag;)mun-

MuozkecTBO cMeNIAHHBIX CTpHTEl"[fIﬁ [Iepporo HI'poka. —
m
P={p=(p1,.opm) | Y pi=1 pi=0,i=1..m}
=1
MHOMECTBEO CMEeNIaHHBIX CTpﬂTEl"[fIﬁ BTOPOrO HI'POKa. —

Q = {q = (QI?"-?QR) | ZQ’; = 1_1 44 = D, j: ].?...??1}.
i=1

a MaTeMaTHIeCKOoe OXKHIAHHE BRIHTPBINIA MePBOT0 HIPOKA —
m "
Alp.gq) = E E Pi%ijq;-
i=1 j=1
Takum obpazom, I' = <P? ), Alp, q]} — CMeNIaHHOe PACIIHDPeHIe MaTPHIHOH
urpet 1.

Teopema 3.1 (OcHoBHas Teopema MAaTPUYHBIX Hrp). Beskas mar-
pPHYHAA UIPA HMeeT pellleHHe B CMelIaHHBIX CTpaTerusx.

OTMeTHM THIHYHEBIE CIIyvaH, Korda NpHMeHARTCH CMellaHHbBIe CTpaTe-

HH.
1) Urpa noeropsiercs MuOro pa3. B arom ciyuae 3a 00JIbIIOE THCIO T10-

BTOPEHHIT UI'Pbl CPeIHUH BRIMIPBII [IE€PBOTN0 HIPOKA, HCHOAL3VIOUIEro OlTH-
MAJIBHYIO CMEIIAHHYIO cTpaTeruto, oviaer OJIM30K K 3HAYCHUIO UI'PLI WIH OV-
J1eT IpPeBbIIaTh ero.

2) CMemannas crparerus peaausyvercs B e "duznteckoii cMecn 9HeTHIX
crpareruii. 49To 310 03HAUAET, HOACHHM HA NPUMEpPaX.

3) CMemanHbie CTPATErHH MOYKHO MPHMEHATh U IPH 0IHOKPATHOM IIOBTO-
PEHHH UI'PBI, KOTJa HIpoK jdeficTeyer B yesioBudax pucka. [Ipu stom neobxo-
JIMMO BBIMTPBIIIH 3aMEHHTh Ha UX "Moe3HocTH' | VINTBIBAIONIHEe OTHOIIEHHE

HI'POKA K PHCKY.

7. OCHOBHasA Teopema HenpepbIBHbIX MUrp.
Safivemcd cMemaHHBIM pacurHpeHnenM HenpepbiBHoit urper ['. Orpanu-

quMed Urpoil Ha npamoyroasauke X x Y = [a,b] % [e,d]. [Ipu samannbix
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CTpATerHgax © n ¥ — (VHKIHAX pacnpejelennsd Ha orpeskax X u Y — ou-
JaeMbIi BLIUTPBIII MePBOTO HIPOKA PaBeH

b d
Flp.v) = / / F(a, y)dp(2)di(y).

Teopema 3.2. MuoxkecTBo cMelanielx crparernii ¢} Ha orpeske [a, b
ABJIAeTcs c1a0bIM KOMIAKTOM. DTO 03HAMALT, 9TO U3 11000il moc/ie/10BaTe b

HOCTH CMeNIaHHBIX cTpaTeruii {@F} MOMKHO BBLIEANTL MOANOCTEI0BATE b
nocts { oM}, cnabo exongniyiocs K HeKoTopoii erpaternn o

Jdemata 3.1. B nenpeprsipnoii urpe [' Ha npaMOYTroibHUKE CYHIECTBYIOT
MAKCHMHHHAS 1 MHHUMAKCHAS CMEIIAHHBIE CTPATETHH HIPOKOB.

Teopema 3.3 (OcHoBHasi TeopeMa HENPEPBIBHBIX Urp). DBeskas

HellpepblBHAA HIDa I' na MpAMOVIOJNABHHKE HMeeT DelllcHHe B CMellaHHBIX
CTpaTerudx.

8. CBonctBa peLLIGHVIVI AHTAaroHNCTN4YeCKUX Urp B CMellaHHbIX CTpaTernax.

DTH CBOHCTBA B YACTHBIX CAVHAAX NOFBOMAKT HAXOIHTE OINTHMa IbHBIE ChMe-
IaHHEBIE CTPaTernH.

Teopema 4.1. Tna toro urodn Tpoitka (% 1%, v) Gpl1a pemennem B

CMEITAaHHBIX CTRATerHAX HEHpEpI:»]BHDﬁ HI'PEI P., HEDﬁXﬂ,I[HMO H J10CTATOYTHO,
YT0OBI OBLLIO BREIIOJIHEHO YCIIOBHE

T

Flz, oY <o < F( " y) Yre X, YyeV. ()

Teopema 4.1'. Tna toro urobu Tpoiika (p”,¢", v) GbL1a pemennem B

CMEeNIaHHBIX CTPATEHAX HIPBL C MHTI')H].I"Eﬁ _f-l., HEUﬁXOﬂI{L'IG H TOCTATOYHO,
qT00BI OBLI0 BBIITOTHEHO VCoIoBHe

A, gy < v < AP ), i=1,..m. j=1...m. ()

[Iyvers I' — ememannoe pacummpenne MPOH3BOILHON AHTATOHHCTHYCCKON
urper I

Onpedeaerue. Cvemannas ctparerus 1° BTOPOro HrpoKa HA3BIBAETCS 6bi-
pearusmower, ecin F(x, ") = const ua muoxectse X,

AHATOrH4YHO OIpe 1e1deTcd BhIpaBHHBAIOIAA CTPpATerHd MepBOro HIpokKa.

VYmeaeporcdenue 4.1. Ecom B urpe [ y 000MX NIPOKOB CYIIECTEVIOT BLIPAB-
uupaiomue crpaterun ¢°, ", To OHH ONTHMAILHEL




Teopema 4.2. /Ing nenpepsigHoil Hrpel [ cnipaBe IHBLL c/IeIVIOIIHE IBA
VTBEPKIeHU:

1) Jjnf F(pv)=minF(py) ¥ ¢ < {p}

e(d}
2) sup Flp,¢) =max F(z,v) ¥ ¢ € {1}.
ve{wl zeX

Caedemeue. 3navenne v HenpepblBHOT Urpbl [' MoKeT OBITH NpeacTaABIe-
HO B BHJIE CJIeIVIOMNAX JABYX (POPMYJIL:

v = max min F{p, y) = min max F(x, ).
fuax mip Flp.y) = i, max Pz, ¥)

Teopema 4.2°. Ina urput ¢ marpuueii A cnpape sl cieayomme 1sa
VTBEPHAIeHHA:

1) 11;%1‘4@?43) = min A(p,j) ¥V p e P;
q

1<j<n

2) max A(p,q) = max A(i,q) ¥V q € Q.
peP

1<i<m
,HD KaxHTe CaMOCTOATEIREHO.

Caedemeue. 3nadenne v urpel ¢ Marpuieii A vMoxer OLITL MpeICTABICHO
B BHJIe CJIEAYVIONIHX IBVX hopumyn:

v = max min A(p.j) = min max A(i.q).
peP 1<j=n (pj) qe@ 1=i=m (Q)

Teneps obcyanM Tak HasbIBaeMOe CBOHCTBO 0onoaHAowell Hestcecmyo-
emu. Onpegenum MHOXKecTBO Sp(@) C X — CHeKTp CMeNIaHHOH cTpaTernnu
w0, 3aJaHHOH Ha oTpe3ke X.

Onpedeaenue. Byaem ropoputs, uro touka =’ € X = [a, b] npunaaiexur
CIKTPY CTPATErHH @, ecIn Jj1d BCAKoro £ > () cylmecTeyer Takoil oTpesok
[a’, b], comepammuii 2, uro b’ — a’ < = uw (V') — pla’) > 0. Muoxecrso Beex
Touek crnekTpa obozHatuM depes Sply).

Teopema 4.3 (CsoiicTBo mononHswmei Heskecrkocrn). [lyers
(%, 4", v) — pemmenne B cMemAHHBIX cTpaTerusx HenpepeisHoit urpe I'. To-
ria

1) 2 Sp(¢?) = Flz,v%) = v

2) y € Sp(vf) = F(e y) =v.

Caedemsue. Ilyers (", 17, v) — pemienne B cMeIaHHBIX CTPATErHAX HeIpe-
peignoil urpsl I'. Toraa

1) F(z,0°) <v=x ¢ Sp(¢°);

2) F(¢®y) >v=y¢Spr



Teopema 4.3' (CeoiicTBo monosHsOmEeil Hexkecrkocru). [lyers
(p%,¢°,v) — pemenne B cmemanubix crparerusx urpsl ¢ marpuneii A. To-
raa

1) p? > 0= A(i,q") = v;

2) qf > 0= A(p°,j) =v.

Caedemeue. Iyers (p¥, ¢%, v) — pentenne B cMelaHHBIX CTPATEIHAX HIDEI
¢ marpuneit A. Toraa

1) A(i,q") <v=pl =0,

2) A(p",j) >v= q? = 0.

9. TeopeMbl O JOMUHUPOBAHUM CTPOK M CTONOLOB B MaTPUYHbIX Urpax.
Ecin snemenTsl HeKoTopoil cTpokn iy MaTpuibl A MeHbIIE cOOTBeTCTBY-

HIMHXY 2JJIeMeHTOB ,I[l)}-’l"ﬂﬁ CTPOKH ?r--z., TO HHTYVHTHBHO ACHO, YTO CTPOKY 'i]_
NepBOMY HIPOKY MOMHO HE HCIOIB30BATL.

Onpedeaenue. Byiem ropopuTh, 1T0 BEKTOp 4 = (ay,...,a;) caabo domu-
Hupyem BexkTop b = (by,...,b), ec;m a; = b;, i =1, ..., . Byaem ropoputs o
CMpo2om JOMUHUPOGAHUL, €CJTH BCE HECTPOTHEe HePABEHCTBA > 3aMeHeHBl Ha
CTPOTHE . 3aMeTHM, 4TO cJ1aboe JOMHHHPOBAHHE BO3MOXKHO JIAMKe B CJIyUae
paBeHCTBA BEKTOPOB a H b.

Onpedeaenue. Ins BekTopos a[” i=1,..,m, eBKJAHI0BA TMPOCTPAHCTEA

wouncen p; = 0, i = 1,...,m, Epz = 1, nuneiinag KoMOHHAINS Ep a't)
i=1 =1

HaspIBaeTCA eunykaotl xombunauuet sexktopos a'' ¢ koadpdpumuentamu p;.

Teopema 5.1 (O mommaupoBanun cTpok). [lycrs HekoTopas crpoka
MaTpuisl A ciabo joMHHEpPYeTCd BRINYKI0i KoMOHHALIHei 0CTAILHEIX CTPOK.
Toraa sta cTpoka BXOINT ¢ HYJIEBOH BEPOATHOCTBIO B HEKOMOPYH ONTHMAb-
HVIO CMENIAHHYIO CTPATErHI0 MepPROro Urpoka. Ecin ykazanHoe ToMHHHpOBa-
HHE CTPOTOe, TO 3TA CTPOKA BXOIHT ¢ HYJIeBO BePOATHOCTBIO B 4100110 OTTH-
MATBHYIO CMENIaHHYI0 CTPaTernio nepeoro Urpoka. JoMuHHpyeMBble CTPOKH
MOYKHO BBIIEPKHVTH U3 MATPHIILI HTDHI.

Teopema 5.1 (O momumuupopanuu ctonbuoor). [lyers Hekoropsiii
crosben; MaTpuibl A c1adbo TOMHHHPYET BRITYKIVIO KOMOUHAITHIO OCTATLHBIX
cTostbnos 3ol Marpunel. Torga sToT croaben BXOIUT ¢ HYJIeBOI BepOATHO-
CTBIO B HEKOMOpYo ONTHMAJILHVIO CMEIIAHHYIO CTPATerHi0 BTOPOro HIDOKA.
Ecim ykazannoe JOMHHUPOBAHHE CTPOTOE, TO 3TOT cTOJOEI BXOJAHT ¢ HYJIEe-
BOIl BEPOATHOCTBIO B /A100y10 ONTHMAIBHYIO CMEIIAHHYIO CTPATEIHIO BTOPOTO
urpoka. JoMunupyomue croiabibl MOKHO BBIMEPKHYTH U3 MAaTPHIILI HI'PHIL.



10. MN'padhmuyeckun metoa peleHUss MaTPUYHbIX UTP Buaa 2*n num*2 .

Pacemorpum urpy ¢ 2 % n-marpuneii A. Cuvemannas cTpaTerusd nNepeBoro
urpoka p = (py, 1 — py) onpejensercsa sennuunoii py € [0, 1]. 3navenue urpel,
COTJIACHO : - :

v =max min A(p,j) = max min |a,;p; + az;(1 — :

nax mim (P, 7) A, 15j5‘n[ 101+ az;i(1 — py)]
g HaxoKIeHus 3HAYeHHd WUIPHl H ONTHMAJIBHONH CMeNIaHHOil cTpaTernu
IePBOrO UIPOKA J0cTaTouHo Ha orpeske |(,1] mocTponts rpacduku cemeiictea
auneiinplX pynkumit [;j(p1) = ay;jp1 + ag;(1 — p1) ¢ yraoeeivn Kﬂi?j(‘l’)(l)HLI,I{EH-
TaMu kj = ayj; — azj, j = 1,...,n. 0 HalTH TOUKY MakcuMmyma pj (DyHKIHH
min [j(py) — nuzKHeii orubatonieii cemeiicTsa
1<j<n

Haiinem onTHMaIbHYIO CMEIIAHHYIO CTPATETHI0 BTOPOro urpoka. Pas6e-
pPeM CIeIyIONNne BO3MOKHOCTH.

a) 0 <p] < 1. Bosemenm ape npausie 1, u lj;,

NPOXOJSIIHe Yepe3 ToUKy (py,v) n umMeronye yrioese kosdduimuentsr ky =
0, k;, = 0. Paccmorpum ypapnenue kiqt + ki, (1 —g*) = 0. (5.2)

Ono umeer permenne ¢*, npunagiexkamee orpesky [0,1]. M3 (5.2) cnenyer,
ato yriaoeoi Koappumment npamoii [ (p1)g* + L, (p)(1 — g*) pasen ny.o.
Caenanias cTpaTerus BTOPOTo HIPOKA

i, j:jlv
" =q1—q" j=ja
D? j:/‘éjlij!

ONTHMAJIBHA, TOCKOJIBKY Npu Beex py € [0, 1]

A(p.q°) = U, (p1)a" + Ly (p1)(1 — ¢") = v.

6) p{ =0.

B aTom cayuae qncTaa cTpaterid 2 MepBoro HIPOKa sSBIAeTCH ONTHMATb-
noii. [lokaxkem, 9T0 v BTOPOro HrpoKa TAKZKe HMeeTcs THCTas ONTHMAILHAS
crparerus. leitcTeuTensHo, HalineTcs npamas [; , npoxoaanas qepes TOUKY
(0,v) n uveomasn yraosoii koadpdpunuent k; < 0. Brdupas uncryio crpa-
TErH0 ji, BTOPOH HIPOK HE MO3BOJIAT MEePBOMY BBIUTPATH DOJbINE, 9eM v,
nockolIbKy A(p, ji) = I;,(p1) < v npnu Beex py € [0, 1]. Hrak, Marpuna urper
HMEeT CeJIOBYIO TOUKY (2, 71 ).

B) p] = 1.

B sToMm cayuae, aHATOMHIHOM 6), MATPHIIA HIPBI TAKZKE HMEET CeJTOBYIO
TOUKY.



Teneps pacemorpum urpy ¢ m x 2-marpuneit 4. Cumemannasa crpaTerus
g = (g1, 1 — q1) BrOpOrO MrpoKa onpejensercd seandunoi ¢, < [0, 1]. Suaqge-
HHE HI'PBI, COMJIACHO CJIeJICTEHIO Teopembl 4.2 ' npejgcraBumo B Bue

v = min max A(i, min max |[a;qy + apo(l — )
D max (i,q9) = o, lﬁéim[ i1q1 + @il q1)]

[MosTomy He0OXOIUMO TOCTPOHTHL BEPXHIOW orubammyio max [;(g,) cemeri-
1<i=m

crBa npaMeiX [;(q1) = agqi+ai(l—q), i = 1, ..., m, n naiitu va orpesxe [0,1]
TOUKY ¢} ee MuauMyMa. OHa Oy/IeT COOTBeTCTBOBATH ONTHMAILHON CMellaH-
HOi cTpaTerud BTOporo Urpoka. OnTHMaIbHAS CTPATErHs MepBOr0 HIPOKA
CTPOHTCA ¢ HCIOJIB30BAHIEM YPABHEHHA, aHAJTOTHIHOTO (5.2).

11. CBeaeHue pelleHUss MaTPUYHOM Urpbl K Nape ABOWCTBEHHbIX 3aad
NMHEMHOro NpPorpaMMuMpoBaHMUS.
bes nmorepu obmupocTH OVeM HOpenoiaraTb, 9TO 3HAYCHHEe MATPHYHON
HIPBL ¥ MOA0KATEIBHO. COrTACHO CIeCTBHIO TPOpF\-Ib] 4.2, OHO Tpe/ICTABH-
MO B BH/JIE
v =max min A(p, j) = max min E;}zaw
peP 1<j<n peP 1<j=n _
Beegem BernoMoraTebHVIO MEPEeMEHHYIO U M 3aIfieM 3a71a9V HaXoxK1e-
HHA MAKCHMHHA KAaK 3a71a41V JHHelHOro nporpaMMHUpoBaHHd

U= max u, IJe
(u,p)eB

B={(u,p)| X paij =u, j=1,...n, X ps=1p; =20, i=1..m}|
i=1 =1

HeiicrBurebHO, TPH (DUKCHPOBAHHOM p £ P MakcuMa/bHOe 3HAMEeHHEe U [IPH
orpanutenusx (u,p) € B papao min A(p, 7).

1<j=n
[Tockonsky v > 0, MOXKHO CUHTATEL, 9TO U HPHHHMAET HOJ0MKHTEILHLIE
suadenns. ClenaeM 3aMeHY HepeMeHHBIX z; = p;/u, z = (z,..., Z,). Toraa,
VUUTLIBASA OrpaHuvdenns (u, p) € B, moayunm
m m
E zo=1/u, E aijz =1, j=1,.,n, =20 i=1, .., m.
i=1 =1
Orcoa 1
U= max u=——,
(wp)EB 0
_E “
rie 2z — onTHMAIBHOE pelIeHne 3a1avn JIHHeHOro IporpaMMHpOBAHHHA
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Za.ij:i =1, 9=1..,n z=0i=1,..,m. (1)
i=1

[To 2% maxoaum 3HAYEHEE TP K ONTHMATLHYIO CMETITAHHYIO CTPATETHIO TIep-
m

poro urpoka: v =1/5" 28 p¥ ="
i=1

1
Ananornano MoKHO MOJIVIHTE, "ITO

v=min max A{i,q) = ——
0

2

i=1

geQ 1=i=m "

rae w? — onTHMAILHOE pelleHHe 3a/1a49H JHHeHOTO NPorpaMMHPOBAHN
n
Z w; — maz
j=1
n
Za.ijwj <li=1,..m, w;=0,5=1,..n. (IT)
j=1
3aeck ¢" = vw” — onTHMATBHAS CMeNIAHHAS CTPATETHS BTOPOrO HIPOKA

Sagaun ([) u (1) apoiicTBeHHBI OHA 110 OTHOMIEHHUIO K JIPYTOIL.

OTMeTuM CBOICTBO JONOMHAIONIEH HeXKeCTKOCTH /s ONTHMAIBHBIX pe-
mennit 2° u w” zagaq (1) u (I7)

n

1) =0 = > ayui =1,
=1

m
=1

Ono HeMOCPeICTECHHD BhITeKACT H3 VIBCPAKICHHA TeOpPeMbl 4.3 ' mocae 3ame

HEI epeMennnx p° = vz?, ¢ = vu®.

12. HeobxoauMbie ycnoBus Ans napbl KpanHUX ONTUMalnbHbIX
cTpaTtermn MaTpu4yHOW WUrpbl.
31eck paccMaTpUBaeTcd KOMOHHATOPHOTO THIA AJTOPHTM pelleHHsd Hr-
phl, OCHOBAHHEBIN Ha nepebope moaMaTpHIl MaTpHIILL A.

Onpedeaenue. llyers Z — BBINYKI0E MHOMKECTBO €BKJIHJI0BA MPOCTPAH-

crea. Touka ED £ Z uasnlBaercd ?i'.'pﬂ.ﬁHEﬁ: MoYKoti MHOMKeCTBA Z._. eCcJIH He

CVIIECTBYET TAKHX Todek z' # z € Z u rtakoro umena 0 < A < 1
M= 4 (1= A"

e

, UTO
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Jpyrumu cioBaMu, KpaiiHss TOYKA BRITVKIOIO MHOMKeCTBA Z He ABJIAeT-
cd BHYTPeHHeH TOYKOH HHKAKOrO OTpe3Ka, COeIHHSAINIero ABe TOYKH 3TOro
MHOMKecTBa. HeTpyaHo BHAeTh, 4TO KpailiHag TOUKa He MOKeT OblTh BHY-
TpenHeil Toukoii MuoKecTBa Z. OIHAKO He BCAKAS MPAHHYHAS TOUKA MHOMKE-
cTBa Z aBjasercs Kpaitneil Toukoii aToro muoxkecrsa. Hanpumep, v kpagpara
KpalHUMH TOUYKAMH ABIAIOTCA TOJBKO €ro BePIIHHLL.

Ecau MHOKecTBO Z — MHOTOTPAHHHK, TO €r0 KpaitHie TOUKH HAZLIBAIOTCS
sepuiunamiy. Bepremces K urpe ¢ Marpuneii A 0 paccMOTPHM MHOKECTBO
ONTHMATLHBIX CMEIIAHHBIX CTPATeruii NepBoro UrpokKa

m
PP=1{p"cP| Y pla;=v, j=1,..,n},
i=1
rie v — 3HadeHHe mMarpuuHoit urpel. Herpyano suaers, uro PY — ammoro-
rPAHHIK €BK/IHI0BA IPOCTPAHCTBA.

Onpedeaenue. Kpatinetl onTuMalbHOH cMemIaHHON cTpaTerueil mepBoro
UrpoKa Oy1eM Ha3blBaTh BEPIIHHY MHOrorpanHuka PY.
MuoxkecTBO ONTHMANBHBEIX CMEIIAHHBIX CTPATerwii BTOPOro HIPOKa

Q={"cQ| X ﬂ-?:qu <wv, i=1,.,m}
j=1

TaRKME ABITACTCA MHOTOI'DAHHHKOM H €I'0 BeEDITHHBL — Kpﬂ.ﬁHHE OINTHMATBHELE
CMelIaHHBIE CTpaATernH.

Teopema 5.2. [lycts B urpe ¢ matpuneit A = (i )mw, 3Ha"enne v # 0.
Torpa ana moboit mapnt p¥, ¢° Kpalinux onTHMAILHBIX CMENIAHHBIX CTpaTe-
ruil UrpOKOB HaiijeTca Takas HeBLIpOKIeHHasd moamartpuna A = (a;j, )ik
MATPUIEL A, 9T0 BHIOIHEHBI VCJIOBHS

k k
Ziﬂgﬁi;j; =uv, t=1,...,k ZPE& =1, (5.3)
=1 =1

k k
Y aid) =v. =1k Y ¢ =1 (5.4)
i=1 i=1

Pacemorpum Tenepb aaropuTs perrenus MaTpuaHoil urpel. [Tepebupaem
BCE HEeBBIPOMIEHHBIE k X k-mogmarpunsl A marpunsl A, naunnas ¢ k = 2.
s kazk1oi nogmarpunsr A pemaem cucremst ypasaennii (5.3) u (5.4). Ecin
pelieHns He CYIIeCTBYeT WIH HeKOTOPLIe KOMIOHEeHTHI

0 _ ; 0 — .
P =1,k @O t=1,.k

i

OTPHIIATEILHBL, TO TepexXoIuM K ciaeayiomeil nogvarpune A. [Tyvers ykazan-
HBIE KOMIIOHEHTHI PeIeHnii HeoTpuinaTe bHbl. 1Toraa onpejaeauM cMelnaiHbe
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CTpaTeru

o . .0_ p‘?;.‘ =1y, 0.0 Ej"_?z? 7= Jt,
po- P = - 4o q; = o
0, i=#i; 0, J#J

Tenepn g tpoiikn (p”, ¢”, v) HeobxoaUMO TPOBEPHTHL VCIOBHE (#) Teope-
Mel 4.17. Ecin ono eeimosineno, to uckomoe pemenne (p?, ¢%,v) naiizeno. B
MPOTHBHOM CJIVHAE MepexoinM K caeayionieit nogvarpume A.

13. Metog BpayHa peweHuss MaTpU4HbIX Urp.

B srom naparpade MBI paccMOTPHM HTePAIHOHHBIH MeTOd MPHOIHZKeH-
HOrO petenus Urpel ¢ Matpuneit A. [Ivers 3amano wucino £ > 0. Tpebyverca
HANTH 3HAYEHHE HIPEL ¢ TOYHOCTHIO JI0 BeJIHYHHEL £, 4 TAKMKe S-MAKCHMHUHHYIO
H S-MHUHHMAKCHVIO CMeIlaHHBIe CTPATerHl HI'POKOB.

Merton Bpayua cocTonT B MHOTOKPATHOM (DHKTHBHOM Pa3bIIPLIBAHUN MAT-
PUYHOIT UI'PBI, TPH KOTOPOM HT'DOKH 10 ONPeIeIeHHBIM MTPaBHIAM BRIDHpa-
FOT CBOM YHCTBIe cTpaterud. [Ivers 3a b noBTOpeHHii Hrpsl NepBLI HIPOK T
pa3 BeIOpaa crpaTeruio i, i = 1,...,1m, a BTopoii Ej- pa3 BRIOpAJ CTPATErHio
j. 3 =1,...,n. Bekropsl yactor BRIOOpa MHCTHEIX cTpaTeruii

(] T

L
. S e
R q(k)

plk) = AR

3

ABIAIOTCS CMEIIAHHBIMA CTPATeIusaMH HIPOKOE.
Onpeaennm urepannoHuslii nponece Bpayna.

[lIar 1. Urpoku BEIDHPaAIOT MPOH3IBOJLHO CTPATETHH iy U ji.

[Tyers 3a k moBTOpeHuit Hrpsl MepBLIi HTPOK BHIOPAJ CTPATErHNA iy, ..., i,
a BTOPOil — crparteruu jy, ..., jr. lpu arom p(k) u g(k) — coorBercrByomme
BEKTOPHI YaCTOT.

[Mlar &+ 1. Mrpokn BuIOUpaiOT CTPATETHH ifiq U jr41 U3 VCIOBHIL

Alirg1,q(k)) = max A(i, q(k)) = vi(k),

1<i<m
A(p(k), jryr) = min A(p(k), j) = va(k).
1=j=n
Kaxprit irpok BeIOHpaeT CBOW0 YHCTVIO CTPATETHI0 KAK HAHJIVYIIHA OTBeT

HA COOTBETCTBYIOIIHII BEKTOP 4YacTOT HNapTHepa. Keln HAWIYYIINY OTBeTOB
HECKOJIBKO, TO BRIDHpaeTcs JT000il 13 HUX.
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[Mokazkem, aro vy (k) u ve(k) — OHEHKH /15 3HAMEHHS ¥ MATPUYHO HIPBI:

va(k) < v <u(k), k=12.. (5.7)

Bepuemcs kK Meroay Bpayua. Cdopyynupyem npaeuio octaHoek. [Ivers
zagano duciao £ > (. Byaem ocranasnuBaThed Ha mare kg, KOrja BHEPBBIE
BHITIOJIHEHO HEPABEHCTBO

viko) — va(ko) < <. (5.17)

I3 (5.7) u (5.17) cneayer, uro Besudaunsl vy ko), va(kq) npubiamkaor 3Ha-
qeHHe U MaTpUYdHOH Hrpel ¢ ToqHOCTRIO 10 £. [lokazmkem, aro p(ky) — =-
MaKCHMHHHAS CTPATerHd nepporo urpoka. leficTBHTeIBHO,

min A(p(ko),7) = valke) = v — <.

1<j<n
Ananoruvano, g(kq) —
S-MHHHMAKCHAS CTPATETHS BTOPOT0 HIPOKA.

Teopema 5.3. B smerone Bpavua lim »(k) = k]im_ valk) = v, a M00BIE

fe—oo — 0
npeaesbabie Touku p°, ¢” nocrenosarensuocreit {p(k)}, {q(k)} apnsawores on-
THMAJILHBIMH CMEIIAHHBIME CTPATErHAMH HI'POKOB.

14. PewleHne aHTaroHNCTUYECKUX UIP C BOTHYTbIMU (PYHKUUSIMUA BbIUrpbILLA.

Onpedeaenue. Antaronnctuvieckas urpa [' = <X, Y, Flx, y]} HAZBIBAETCS
Urpoit ¢ soenymoti ynryueds evuzpviua, ectn X C E™, Y € E™ — BhINYK-
JIbIE KOMITAKTHI €BKJIHI0BBIX POCTpaHcTR, (pyHKina F(x, y) HenpepblBHa Ha
X %Y u npn mobom y € Y oHa BOrHyTa 10 .

Urpa I' nazwisaerca urpoil ¢ ewnykaot dynxyueti evuzpuiua, ecian (Bme-
cTO TpeboBanusd BoruyTocTu) npu gwbom r € X ¢yukuua F(z,y) BeimyvKia
o .

Teopema 6.1 (Xemnmn). B esknuaosom npocrpancree E™ umeercs ce-

meiicreo D, a € {a} BBIIYKJIBIX KOMIAKTOB, 00JaIAI0Nee CJIe/1yIOIHM
m+1 4
CBOMCTBOM: 1181 JHOOBIX vy, ... qy [ | Dya, # 1. Toraa N D, # 0.
j=1

s {al

Teopema 6.2. [Lna urpet ' ¢ BorayToit hbyHKIHeH BRIMTPBITIA CIIpaBe/I-

JAUBO PABEHCTBO ) — max min F(z,y) = min max min Flz, ).
=X yeY wley reX 1<j<m+1
d=1...,m+41
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Teopema 6.3. llrpa [' ¢ BornyToit hvHKIHEH BRIMTPBIIIA HMEET PEIeHHe
B cMeInanHbIX crpareruax suga (7, 0" v), rae 2° — MakcuvunHaf cTpaTerus

NepBOrao HIPOKA, m+1
PRI § ] o _ 0 0
uw = QJIEJN q _(QI!"'!Qm+1)EQ?
j=1

(G, j=1,..,m+1)€Arg min max min F(z, ),
Hjrd 1 & vey  zeX 1Zj=m+l ¥,
d=1,...,m+1

il Q’O — MHHHMAKCHaHd CTPpaATernd B 3a1a4e

m+1
min Igtg_%@[;r?q)? Oz, q) = ; F(z, 7 )g;.

Teopema 5.4. lrpa I' ¢ Beinykaoit (pyvHKIIHEH BEIMTPLITIA HMeeT PelieHne
B cMemanubX erpateruax suda (7, y°, 7). rae y° — MuEnMakcHas cTpaTerud

MepPBOro HIPOKA, ntl
=) P, =0 i=1..n+1)EP,
=1

(T;,i=1,...,n+1) € Arg max min max F(z' y),
T siex  yeY 1<izntl T

i=1....mn+4+1
a p’ — MaKCHMHHHAs cTpaTernd B 3ajade
n+1
.z 1 '
maxmin® (p.y), D¢ (p.y) = E i F(T . ).
peF y=¥ ' 1
=

15. UccnepoBaHue moaenu "ob6opoHa-HanageHue " B YACTbIX CTpaTerusix.
HMwyeerca n obopoHAeMBIX MYVHKTOB ¢ HOMepaM# i = 1, ....7 BO3MOMKHOIO

MNpOpeIBa CPeIACTE HAIlaleHHHA. ]._[}’CTI: A u B — koamuectsa CpeICTE Halla-
JAeHHHA H Dﬁﬂpﬂth. 2DT1H CpelCTBa NpedloJaraKTed ﬁECKDHE‘IHﬂ-,I[EJ][»“II'FII::[I\'II{.
CTpﬂTEl"HH [Mepporag HIrpoka (HHHH.,I[EHHH) COCTOHT B pacllpede/IeHHH CBOHX
CpeJCTE IO IVHETaM B COOTECTCTEHH C BEKTOPOM

r= (1), .,ry) e X =1z| Z.rz =A z;,=0,i=1,..,n}|
i=1

Bropoii urpok (060opoHa) HCMOIB3YeT AHATOMHYHYIO CTPATEIHIO
y=( ) €Y ={y| ) =B, y=>0i=1..n}
=1

[Iyers p; — KoauvecTBO CpejicTB HANAJAEHHHA, KOTOPOE MOXKET VHHUYTOXKHTE
OJIHA eJIHHUIA CPeJICTE 0DOPOHBI HA i-OM NVHKTe. Eceam x; > g5, To depes
i-if MYHKT NPOPBIBAETCH T; — [4;1; CPeJcTB Hanajdenus. Eean x; < pyy;, TO ve-
pe3 3TOT NVHKT HanajleHue He npopeercd. OObeaungs oba ciyias, HaXO0IHM
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hopMyIy A1d KoJHYecTBa CPeacTB HANAACHHS, MPOPBABIICTOCH Wepes i-i
nyHKT: max[r; — gy, 0] Onpegenns hyHKINIO BRIMIPHINA TEPBOTO HIPOKA

n
Flz,y)= E max[z; — 14y, 0]
=1
— obIIee KOMIMYeCTBO CPejiCTE HANAICHHS, TPOPBABIIeeCH Yepe3 Bee MYHKTHL.

3amerum, uto pyvakuug F(z, y) euinyvkia no y. [o reopeme 6.4 3nadenne
HIPBL ¥ = U 0 MHHHMAKCHAS cTpaTerdd v 000pOHBI ONTHMAILHA. 3aiiMencs
HCC/IeI0BAHHeM TOH UIPbl B MHCTHIX H CMEIIAHHBIX cTpaTernsax. bes norepn
ODITHOCTH TIPeIION0AKNAM, 9T0 KO3 pHiueHTs 3hdgeKkTHBHOCTH 0D0POHEL [i;
VIOPAJAOMEHBL: (1 = [lg = ... = [i, H 7i-il IYHKT 0D0pPOHBI gBageTcs ciaabeii-
IITHM.

a) IMokazkem, 9r0 v = maxmin F(z,y) = max[A — p, B,0], 2™ =(0,...,0, A)

reX ye
n

—1
6) Hokazkem, 410 7 = 1;11}1} max F(z,y) =max[A - B (kz_:l #—1&) 0],

e 1 _1
Yoyl = B(,u.i E —) L i=1,....n, — MUHHMAKCHas cTpaTerus 00DOPOHHI.
[k '
k=1

Korga B urpe cymectsyer peleHne B UYHCTHIX CTPATErHAX

T
Ecm B = A i’ o7 =0 > v > 0 u, ciegoparensno, 7 = v = (.
k=1

g managenus modag crparerns onTuMaabHa. B sToMm ciayuae obopoHa Tak

MOZKET PACIpPeJIeHTh CBOH CHJIbL, YTOOBI HE MO3BOJINTH HANAJICHHIO, HCIOb-

3VIONIEMY KOHIIEHTPHPOBAHHBIN y1ap, TPOPBATLCS HA KAKOM-THDO MYyHKTE.
"

Ecm B < A) ?1, o dhyakuua F(x,y) ce/IoBoiH TOYKH He HMeer.

16. UccnepoBaHue moaenu "obopoHa-HanageHme " B CMeLLlaHHbIX CTpaTermax.
B) [Tokazkem, ITO B HI'pe CYMIECTBYET PeIleHHe B CMENIaHHBIX CTpaTerH-

ax suga (%, 9% 7), rae ' — umeras mMuHEMaKcHAas cTparerus obOOPOHBI, A
ONTHMAIBHAS CMELIAHHAS CcTpaTerus [11d HAIAeHHA UMeeT BH

@ = iﬁ?frm, P = (mi i)_l, i=1,..n
i=1

k=1 Hk
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17. UccnepoBaHne mogenu WWyMHOW [yanu.

B aysii npuHIMAIOT yHacTHe ABa JAVIsaHTA ( HepBblil 1 BTOpoil HrpoKH).
B navaabHBI MOMEHT BpeMeHH JAV3JIAHTH HAXOAATCH HA PACCTOAHHH dp H
Mo KOMaHJe HauMHAIT cOMmKaThbed. B pacnopskeHHH Kaxaoro Jya3/igaHTa
HMeeTes OJUH BBICTPEJ, KOTOPBI OH MOKeT NPOU3BECTH B MPOTHBHUKA C
M000r0 PACCTOAHNSA (KOHEMHO, MPH YCJIOBHH, 49TO IVIAHT KHUB), OH JAKe
MOZKeT MOJ0HTH K MPOTHBHUKY BILIOTHYIO.

[Iyers pi(d) — dyukunsa merkoern k-ro aysisiaTa, paBHas BepOsSTHOCTH
NOPaZKeHHs! MPOTUBHHKA, €C/IH BHICTPES ObLI NPOU3BEICH ¢ paccrodnns d.
[peanonozkum, 910 HYHKUHH pi(d) HenpepblBHB 0 YOBIBAIOT HA OTPE3Ke
[0, dg] 1 Ge3 norepu obmnoct pp(0) = 1, pp(de) =0, k=1,2.

Onpegennm anraronncruaeckyio urpy. [yers © € X = [0, dg] — pacero-
sHHE, ¢ KOTOPOTO MepPBLIil NIPOK HAMEeYAeT IPOH3BeCTH CBOil BRICTpeI. AHa-
noruvno, y € Y = [0,dy] — paccrosaue, ¢ KOTOpOro HaMedaer ¢Boil BEICTpe
Bropoii urpok. Onpejeanm byHKIH0 BeiUrpeimna F(r, y) nepsoro urpoka.

Pacemorpum cHasana wysmuiyio dysab, KOrjaa NPOTHBHHKH CJIBIIIAT Bbl-
crpensl apyr apyra. Toraa

mir), 0<y<ux<d,,

Flz, y) =
(9 =1 o), 0<z<y<do

[To emeieay F(z,1y) ecTh BepOATHOCTL MOPAYKEHHS HePBBIM HIPOKOM BTOPO-
ro. Ecoim = < y u BTOpOIl HrpoK nmpoMaxHeTcs, TO NepPBBIil, YCIBIIIAB BbI-
cTpeJ IPOTHBHHKA, CTPEIdeT B Hero ¢ pacctodanud () BMecto z. OTMeTHM, TO
F(z,y) asngercsa ocpeanenneM yHKINN, TpHHEMAaONIeH 3uaqenne 1 win ()
B 3aBHCHMOCTH OT TOT0, VOUT BTOpOil ayvaaauT win vetr. Mrak, mymuas qyaib
ompejieeHa Kak HI'pa B HopMaabHoil dhopye ' = <X? Y, F(z, y))

[Tokazkem, WTO HMIyMHAS Iy3Jb HMEET PENIeHHe B YHCTHIX CTPATerHAX
(d*,d*,v = pi(d*)), tme d* — emuncrBeHHbIl KOpeHb ypasHenust py(d) =
1 — 'pg(d)

B becuwymnoti dysan nrpoKn He CIIBIIAT BBICTPEIBI APV APyra H

pi(z), 0<y <z <dy,

p(z)(1—pa(y)), 0<z<y<d,.
ﬁEC]lI}’HHaH ,I[}’H.T[I:r HEe HMeeT pEH_I'EHHH B YHCTEIX CTp&TEFHHX.

F(ﬂ:,y)z

17



18. OnpegeneHMe MHOrolwaroBoOM aHTaroHMCTUYECKOMN UrPbl C NOJSTHOMN
MHcopmaumen.

OnpegeaunM MHOTOIMIATOBYI0 AHTATOHUCTHYECKVIO HTDPY ¢ NoaAHot undop-
matuet. Mrpa nponcxoaur B tedenne 1" maroe ¢ nomepamu t = 1, ..., 7. Ha
KAyKJI0M Iare t UrpoKH BRIDHPAIOT MO OUepeIH AJLTePHATHBLEI — 3HAYEHH
NepeMeHHBIX Ty, U;.

Hlaz 1. Cuauana nepeslil HIPOK BeIOHpaeT ajabTepHATHBY Ty < ), 3aTeM
BTOPOil HI'POK, 3Has BLIDOD MepBOTO, BRIOHpaeT ajlbTepHATHBY ¥y € Vi(xy) =
Vi)

[Iyers urpokn B Tedenne t — 1 maroe BeIOpaan ajbrepHATHBLI
Tqaeenn Loy Y1y ooy Ye—1. LOMOKUM Tp = (Tq, oy T ) Ty = (Y1 oo Ut ).

Hlaz t. Cravana nepBblil HTPOK, 3HAA TPEBICTOPHIO Ty_1, U;_q, BEIOHpaeT
aabrepHaTupy ry < Uy(T_1,7_1) = Us(-). Barem BTOpOIl HrpoK BRIOHpAET
anbTepHATHBY Uy € Vi(Ty, Uy ) = Vi), 3Has npeaplcTOPHIO Ty, U,_q, BKJIKOYas
BBEIOOP T; MEPBOTO HIPOKA HA JAHHOM IIATE.

[Tocne zaBepmienns mara 1 Bo3HUKAeT napa (Tp,7r), Ha3elBaeMas nap-
muetl urpel. [To cMbicay mapTus urpsl — 39T0 3alHCh BCEX AJIBTEPHATHE, BbI-
OpanHbpIX urpokamu. s moboil napruu (Tr, Up) 3agaetcd Belurpuiit F(Tr, Yr)

EePBOTO UI'POKA.

19. Teopema Liepmeno o peweHnM MHOrowlaroBom Urpbl ¢ NOSIHOM UHdOpMaLMen.
OmnpeaenuM Tenepb HIPY B HopMaJbHOil chopme. Ha mare ¢ nepsoiii ur-

POK MOMKeT BRIOpATH AJLTePHATHBY T; KaK 3Ha49eHHe (DVHKIHH T; : T =
T¢(Ty—1,Y,_4 ), KOTOpas JOMKHA OBITH ONpeIe/eHa NPH BCeBO3MOMKHBIX 3HA-
YeHHAX aPIYMEHTOB Ty, T, ;. OD0O3HAMHM MHOXKECTBO BCeX TAKNX (pYyHKIHI
7, wepes Up. Bamerum, 910 #; = 7, NOCKOIBKY Ha [EpPBOM IHare MepBbiil
HI'POK HHKakoil uadopmarnueit He pacnoaraer.

CrpaTerng nepBoro Hrpoka npejacrapigeTr coboit Habop yukimii

T= (1, t=1,..

::]r-a

Ananornvno, Ha mare t BTopoﬁ HIPOK MOZKET BBIOHPATh AJIbTePHATHBY 3 KAK
3HaveHue (PYHKIMK Uy @ Y = Ye(Ty, ¥,y ), KOTOpas J0/1KHA OBITEH ONpe,1e/1eHa
[PH BCEBO3MOYKHBIX 3HAYCHHAX apryMeHTOB Ty, 7, ;. OD03HATHM MHOZKECTBO

BeexX Takux (pyvHknuil y; vepes Vi, Crparerns BTOporo Hrpoka MpeacTaBIaeT
coboit Habop dyHKINI

~ T
y=(y, t=1,...,T Y:H
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Hrpoku moryT BeiOpaTs ¢cTpaTerud I, 1 HE3aABHCHMO APVT OT JPYIA JI0 HIPBI,
4 BO BpeMs UI'Pbl — NpuMendaTh ux "apromarndecku."./Tioboii nape crparernii
(Z,Y) OIHOZHAYMHO COOTBETCTBYET NAPTUS UI'PBL:

Iy = .':'\'3'1_, i = ﬁl(:{rl)} Igp = i‘g(l‘l?yl) H T.H.

- andef _

Hanee F(&,y)= F(Tp,Yp), vae (Tr,Jp) — NapTHi, COOTBETCTBYIOIIAL
crpareruam T u y. Mtak, Muoromaropas urpa ¢ nosinoii undopmarieii onpe-
neq1eHa B HopMaiasHoil hopye I = (X_, Y, F(z, ﬁ))

B aaasHeiimem OyaeM paccMaTpHBATEL JIBA KJIACCA HID:

urpa I, B kotopoit Bee muoxkectsa Uy(-), Vi(+) KoHeuHBI;

urpa I', B koropoii Bee muoxkecrea Uy(-) = Uy, Vi(-) = Vi ne 3aBucar or
MPeALICTOPHE 0 ABIAI0TCH KOMIAKTAME METPHYOCKHX MPOCTPAHCTE, a (hyHK-
uus F(Fp,Jp) HenpepsiBHa Ha MPOH3BEICHHH

Uy x oo Up x V] x -+ x V.

Onpejgenny mapy crpareruit

= (@t =1,..T). i = (L T),

HCTIONB3YS METO, duHaMureckozo npozpemmuposarud. Joonpeaenum pyHK-
umio F' wa Beex orpeskax mapruw Buga (T, 7, ) wim (Ty,7,) © Ha30BeM
ee gynnyuedl Beasmana. Komnonentn ctpaternii 7, 7 Gyiem 3a1asaTh B

MopsAaKe, 00paTHOM BBEIDOpAM HI'POKOB.
OnpegetuM BeJIHIHHY

- def Fizq) ;

v=max F(r;) "=  max min F(zr;,y)=..
xpelly el y1=V1()
= max min .. max min F(T7,7r).

w1l 1 eVil)  erelUs () wreVr(s)

Teopema 8.1 (Llepmesio). Besikas MuOrOmaropas aHTaroHUCTHYECKAS]
urpa ¢ noanoit uadgopmanueii I' (win I') umeer pemenne (79, 47, ).

20. CVITyaLI.VIﬂ paBHOBeCUA Urpbl MHOMMX Ny U ee HeAOCTATKU
[Tonarne anTaroHUCTHYCCKO HI'PBI MOMKHO SHATHTEIBHO PDACIIHPHTL. B

HI'Pe JIBYX JIUI] HHTEPeChl HIPOKOB HeoDA3ATeTbHO OBIBAIOT NMPOTHBOMOIOMK-
neiMu. PacemarpuBaioT w0 urpsl Muorux jum. Vv nocediiena TpeTbd riiaea.
Onpegenum urpy apyx Jjuim. [lyers nepewiii HIPOK HMeeT B CBOEM pac-

MNOPAKeHHH CTPaTernl T W3 MHOXKecTBa crTparernii X, a BTOpoil HIpOK —
cTpaTeruu y U3 MHOXKecTBa cTpareruii Y. byaem paccMaTpuBath HTPY B HOP-

MaAbHOT Popme. DTO O3HAMAET, UTO KA U3 MIPOKOB BLHIOHpaeT cTpa-
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Teruo, He 3Has BuOopa napruepa. [lapy crparternii (z,y) Gyaem Ha3biBaTH
cumyayuedi. ¥ mepBoro Urpoka umeercs (pyHxkuus semrpeima F(z, y), ay
BTOPOro — (hyHKIud Beiurpeima Gz, ), onpejae/JeHHbe HA MHOKECTBE BCEX
curyanuii X x Y. Kaxapiii HrpoK cTpeMuTes, Mo BO3MOAKHOCTH, MAKCHMH-
SHPOBATL CBOI (DYHKIMIO BLIACPBIMA. Takum obpazom, Urpa ABVX JIHI B
HOpMaJILHOil hbopme 3agaerca nabopom [N = (X, Y. F(z,y), Gz, y)>

B anTaroHHCTHUCCKOH HIPe MOHATHEe PeLHIeHHA MBI CBA3BIBAJIH C CeLI0BOI
TOUKOI (PYHKIHH BLIMCPBINIA TePBOTO HIPoKa. B npoussosibHOI urpe aByx
JIAI, AHAJIOTOM CeJLIOBOM TOUKH ABISeTCH HOHATHE CUMYaUuUL PaeHOGECTLA.

Onpedeaenue. Curyauns (29, y°) nassipaerca curyanueit pasnosecus (pae-
nopecueMm 1o Hamy) urpet [, eciu

F(z,y") = F(z",4"), G(z° y) = G(=°,y").
max F(z,y") = F(2°,°) max (z%y) = G(z",y")

CTI}H,TEFHH .'ICD H yn, COCTABJIAKOINHE CHTYAIHK DABHOBECHH, ﬁ}’,ﬂ_EI'u'I Ha3BIBEATE
PaEHOBECHBLAMIL Ecin oba HI'POEa IPHISPAHBAKTCH CHTVAIHH PaABHOBECHH,
TO OOHOMY HIPOKY OT Hee HeBBITOIHO OTKJIOHATRCH.

ObcyauM, KaK MOKHO HCIIOJIB30BATH TOHATHe paBHOBecns 1o Hamy ¢ Tou-
KU 3peHns NpuHdaTHs pemtednii. B Teopun urp, Kak U Bo MHOTHX JPVIHX
TEOPHUAX, MOMKHO BBLIECIUTH JBA MOJAX0AA: HOPMAMUSHBIT W 1o3UmueHsii.
HopmaTtuenblil 101X01 COCTOUT B TOM, YTO TEOPHs JaeT PeKOMEHJIAIHH, KaK
caeayer aeficTBoBaTh B Toil WK WHON KoH(IUKTHONH cuTyanun. A npu no3u-
THBHOM [OJIXO/e TeOPHsl NBITACTCH OMHCATh, KAK HA CAMOM JeJ1e TPOHCXOIHT
B3auMo/eiicTBHe Mex Ay urpokamu. zmadanbHo Teopus HMrp pasBHBaJach
Kak HopMmaTupHasdA. 1 ceiimac mbl obecyaum nonaTtue pasHoBecus no Hamry
HMEHHO ¢ TAKOH TOMKH 3peHud. B 3ToM ciIviae NpaBiio NPHHATHSA PeIIeHHs
MOZKHO CQOPMYJTHPOBATE CASAVIONIIM 00pa3oM: B KOH(DWIHKTHO CHTVAIHH,
ONMUCHIBAEMOI HI'POIl B HOPMAaJIbHOH (hopMe, KaxJI0MYy VYACTHHKY CJeayer
HCIIOIB30BATL CTPATErHI0, KOTopas BXOAUT B papHopBecue 1o Hamy. [Tozn-

Onpedenenue. Hrpa apyx mun ' HazeiBaeTca DUMaTPHIHOT, €cIn MHOZKe-
CTBA CTPATErHH UI'DOKOB KOHEYHBI:

X=11,..m}, Y={1,..,n}

3necs i € X, j €Y — erparerun nepBoro U BTOpoOro Hrpokos. Beiurpeimm
HI'POKOB 3aal0TCd IBYMA MATPHIIAMH

A= (F(i!j))mxn = (aij)mXﬂ? B = (G(i!j))mx’ﬂ = (bi')mxu-
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Onpedeaenue. Curyauns (i, ;%) Gumarpuanoii urpe I' HassiBaercs curty-
prpeii papnopecust (papHosecuesM 1o Hamy), econ

{440 < (13040, 1= 1_, sy 1T, IE',‘E‘.,III:|I < bi;’l:ljl:l_, j = l, ey 1L

DiemeHT (1499 ABJAETCA MAKCHMaIbHBIM B Y cTo0ue MaTpHIIel A, a {30;0

MAaKCHMAIBHEIM B Y CTpOKe MaTpHuiE! B
Beerpa nu B urpe AByX Jui cyniecTByeT cuTvanus pasHosecuda? B obiem
CAVUae OTBeT — OTPHIATENbHBIH, NOCKOIBLKY, HANPUMED, B AHTATOHHUCTHYE-

CKOIl HI'pe He BCella CYHecTeyYeT CelT0oBad TOYKA.
Henonpzopanne CHT}’H.].[HH PABHOBECHHA Ha MPpAKTHRE YacTO CBASBIBACTCH

CO CJAeIVIONINM CIIeHAPUEM MOBeIeHId HTPoKoB. OHU cHAYaIa J0MKHBL JI0T0-
BOPUTHCHA O CHTYAIIHH PABHOBECHS, 3aTeM BCAKHE MEPeroBOPHI 3alPeliaioTcs
1 HI'POKH HE3aBHCHMO BBIOHPAIOT CBOH CTPATEIHH, BO3MOMKHO HAPYIIAS TIPH-
HATOE COIMIAIICHHE. 3aMeTHM, UTO OJHOMY HIPOKY OY/J1eT HeBBITOIHO OTKJIO-
HATLCA OT cBoeil paBHOBecHOi cTparernu. Eciinm urpokn npujiep:KupaoTcs B
HI'pe TAKOTO ClieHApHd noBejaeHns, To urpa [’ HaseiBaeTcs OeckoanuyuonHot.

Onpedeaenue. Curyauna (2°,y°) urpor ' naspisaetcs onTuMaibHOR 110
[Mapero, eciin He cymecTByer TAKO cuTyanuu (r,y) 9T0 BHIIOJIHEHBl HePa-
BEHCTBA

F(r,y) = F(z",y"), G(z,y) = G(",y")
H IIPH 3TOM XOTdA OBl OJIHO H3 HUX — CTPOTOE.
Mgl oTMeTHIH TPH HEJAOCTATKA MOHATHS papHOBecHd no Hamy:
1) pasuosecuii 1o Hamry B urpe Mozker He CyIIeCTBOBATE;

2) pasropecue o Hamy mMoxker G6bITh He eIMHCTBEHHO;

3) pasropecue no Hamy moxker 6uiTh HeaddekTHBHO.

Ho, HecMmoTps Ha 3TH HeJOCTATKH, YKAZAHHOE MOHATHE HI'PAET HEeHTPATb-
HYI0 POJIb B TEOPHH NPUHATHSA perieHnii B KOH(MIHKTHRIX CHTYVAIIHAX.

21. Teopema cyLeCTBOBAHUA CUTyaLMii paBHOBECUS AN UrPbl MHOMUX JNLL.

[IpuBeaem Teopemy cyHIECTBOBAHHS CHTVAIIMH PABHOBECHS B HIPE JBYX
JHI, KOTopas dAeiasgerca obobimennem Teopemsl 2.3. [Ipeasapurensno cdop-
MYJIHPYEM TOMOJIOTHYIECKYIO TeOpPeMy 0 HenodeuncHotl mouke.

Teopema 9.1 (Bpaysp). [Iycrs f: Z — Z — nenpepsiBHOe 0TODpazKe-
Hite B ce0d BBIMYK/IOT0 KOMIAKTA Z KOHeMHOMEPHOTO eBKJIHI0BA IPOCTPaH-
crea. Toraa y Hero cyuecTyeT HenojsuzKHas Touka z° @ f(2°) = 2"
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Teopema 9.2. [Iyers B urpe apyx s I' muozkectea X n Y — Beinykisie
KOMITAKTBl €BKJINJI0BBIX npocTpancts E™ u E™. Ipeanonoxum, 1to ¢pyHK-
uun F'(x,y) u Gz, y) vHenpepoiBabl Ha X < Y, byukuua F(x, y) Boruyra no x
npH J11000M (PHKCHPOBaHHOM Y, a (pyHKIuA G(x,y) BOTHVTA [0 Y IPH JI000M
(pukcuposannom z. Torga B urpe I' eymecrByer curyanus papHOBecHs.

22. MeTopa nomucka cuTyaumum paBHOBECUSA C UCNOJIb3OBaHMEM (PYHKLIMA
Hauny4wux oTBETOB.

Pacemorpum MeTo1 NIOHCKA CHTVAIITH PABHOBECHS ¢ HCIIOJIB30BAHHEM MHO-
JKeCTB HAWJIVUIIHX oTBeToB X () = Arg mai,;{F(;:rr, yyuY(r)=Arg max Glr,y).
TE. ' ue

On cocTouT B PeIeHHH CHCTeMBI BKJIHOYeHAH

e X(y"), " = Y(z). (9.1)
B cayuae, Koriaa y UIPOKOB CYVIIECTBYIOT HeNpepbIBHBIE (DYHKIMH HAWTYY-
mero oreera z(y) u y(r) (M. IEPBYIO 9acTh JOKA3ATEILCTBA TeopeMbl 9.2)
cucreMa BKIOUeHHIT (9.1) SKBHBaIEHTHA cuCTeMe YPaBHeHHI

0 0 0 0
r(y’) =z, ylz") =y .

7

g auenennoro pemtenus cucreMmsl Brimodenuii (9.1) wacro npuvens-
eTcs npouedypa nawynweanus no Kypno. OHa 3aKI04aeTcsd B IOCTPOEHHH
NOC/Ie10BATEIBHOCTH CTPATErHil:

te X,y eY(2!), 22 e X(yY), v* €Y (2°) u n.o.
[ycrs nocaegoparensnoctu crparernii {zF}, {y*} exomarea coorser-
creenno K ¥ u y°. Torga (2%9y") — curyauus pasHoBecusi, HOCKOIBKY s

(2",4") cnpaBeamipa cuctema srmouennii (9.1) (eM. 10KazaTenLCTBO Teope-
bt 2.2). Onnako nocaegosareasaoctu {28}, {yF} exonares we Beera.

23. CBoMCTBa CUTyaL Ui paBHOBECUSI B CMeLLAHHbIX CTpaTernax 6MMaTpuyHbIX Urp.
HEpEﬁAEIvI K CMellaHHBIM pPacllapeHHAM 6[»‘11&-‘11-1TIL')H‘IHI:»]X HI'P F, FadaBae-
MBIX MATPHILAMH

A = (@ij)mxn; B = (bij)mxn:

Cyenannuble cTpaTernd HIPOKOB 3/1eCh TAKHE ¥Ke, KAK H B MATPHYHOI HIpe:
pe P, g& . Oxugaemble BRIMTPBIITH HTPOKOB —

Alp.q) = Z Z piaiiq;, Blp,q) = Z Z pibi;g;.

i=1 j=1 i=1 j=1
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B pEB}-'J'I LTaTe HO;[}-"IH.HH CMelllaHHOe pa(:LUHpEHHE ﬁHl'IElTl']HI]Hl—)ﬁ Hl"pr
f = (P‘ Q? ‘4('?? qj! BIIP* ':JT)>

GHT}’HH_[»‘IH PABHOBECHA HI'PEI I 6}',:[{:!1"-.-1 Ha3blBATEL CHTYAIHAMI PpaBHOBECHHA B
CMEIIAaHHBIX CTRATerHAX (I{..‘IH CMEeNIaHHBIMH PABHOBECHAMH I10 H':}]].Ij-') HCXO-

Hoit urper I

Jemma 10.1. Ina toro atober curyamua (p”,¢") Obuia curyamueii pae-
HOBECHSI B CMENIAHHBIX cTpaTerusax OHMarpuunHoil urpel ', Heobxomumo u

JOCTaTOYHO, qT00BI OBLIO BBITOJIHEHO VoloBpHe

-’4-(?~ qﬂ] = -’4-(.?}0? qﬂ]! t=1,..,m,

L . (*)
B(p",j) < B(p",q¢"), j=1,...,n

Teopema 10.1 (cBoiicTBo gonosasomeil Hexkecrkoctn). [lyers
(%, ¢") — curyanus paBHOBeCHS B CMEIIAHHBIX CTPATErHAX GHMATPHUIHOI

urpet . Torma
)p! >0 = A(i,¢") = A(p", ¢");
2)q} >0 = B(p" j)= B(p".q").

Caedemeue. Ilyers (pY, ¢") — curyanusa paBHOBecHSI B CMeIIAHHBIX CTpAa-
Terusax bumarpuaaoii urpel . Toraa

1) A(i,q") < A(p",¢°) = pl =0;

2) B(p",j) < B(p".q") = ¢j =0.

24. PelueHne 6MMaTPUYHbIX UrP B CMELUAHHbIX CTPaTerusx.

Teopema 10.2. /L5 Toro urobet curyanus (p, q°) 6e1a cuTyanmeit pap-
HOBECHS B CMEIIAHHBIX CTpaTerundx oumarpuvHoil urpel 1, neobxoaumo u 1o-
ctaTovHo, 9ToOR Hanueh MuokecTsa XU C X, YO C YV u uncna vy, vg, 114

KOTOPBIX BBIIIOTHEHBI YCJIOBHEA

f Z aijgj = 1 vie XO, ( Z plby = vy VjeY?,
€Yo €X'
3 Jgn a;q] < v1 vig X9 (10.1) < z‘-cEXDpEbij = Vg V&Y (10.2)
%._Eyntfﬁ’:l, =0 VjeY" z_;ZXDIG,,?=1_. =0 Vie X
n;;omnM

v =A(p",¢"), va=B(p" "), X° ={ic X [p] >0}, Y'={j eV |q] >0}

23



Teopema 10.3°. B moboit dOumarpuanoii urpe ' ana newomopoti cutya-
nun pasnosecus (p”, ¢”) B CMEMIAHHBIX cTpaTernax HafiyTcs Takie MHOKe-

crea X C X, Y? C Y u takue unciaa vy, Ug, 4TO BBIIOTHEHBl VCIOBHS (10.1),
(10.2) u |XG'| = |YD|.

PE—]CCI&-]DTPHM AITOPHTM MOHCKL CHT}’HLI,Hﬁ PAaBHOBECHA B CMEIIaHHBIX CTPa-
TETHHAX. HEPEF}HPH.EI\-{ KBaJpaTHRIe TOJIMATIHITLI

A= (a-éj)éEXDjeYﬂ.- B= (bij)iEXDjf—:‘.r’D

n pemaem cucrembl ypagHenuit w3z (10.1),(10.2). Ecoin penenns 3Tux cucrem
pl,ie X% vin g, j€Y" vy yaoraeTopaioT HepaBeHCTBAM W3 YCIOBHIT
10.1 u 10.2, o, nobasnsis komnonentsl p; = 0, i ¢ XY ¢; =0, j ¢ YY",
nonyunm curyanuio pasuosecus (p°, q"). V3 teopemnr 10.3" Bertekaer, urto

qepes KOHeMHOe YHCI0 aros aJropiaTM OPpHBOIRT K CHTVAIHH PaBHOBECHS.

25. PeweHue urpbl ;. PaBHoBecue no LLtakenb6epry.

3/1ech MBI pacCCMATPHBAEM HTPHI JIBVX JIHI, B KOTOPBIX UIPOKH MpexKe,
geM BeIOpaTh cTpaterun r £ X, y £ Y, npeaBapHTe/bHO ODMEHHBAIOTCS
nHopMmanueii o ceoux Beibopax. Takoro pojga Urpel ONHUCHIBAIOT B3aHMOIel-
CTBHE MEXKIV BEPXHHM H HHXKHHM 3BeHBAMH VIpaBJIeHUSA (Hﬂ‘{ﬂ.ﬂbHHKDM 5}
IMOJUHHEHHBIM, [IeHTPOM H HPOH3BOJIHTENeM HPOAVEIIHH H T.n.] H Ha3blBa-
0TCH Uepaprudeckumi. ByaeM cHuTaTh, YTO MePBLIH HIPOK OCVIIECTBISET
VIIPABJIEHHE BTOPBIM HIPOKOM H JIeJ1aeT cOOOIIeHHEe MepPBhIM.

PacemMoTpum HCXOIHYIO HIPY ABVX JIHI B HOpMaJIbHOH dopme
I'= <X? Y, Flz,y), Gz, y)), Ha OCHOBE KOTOPOi OVIeM CTPOHTEL Hepapxuue-
ckue urpel. [Ipu s10M Hac GyaeT HHTepecoBaTh HAWIVUINNI TapaHTHPOBAH-
HEI pesyabTaT (BLIUTPLINT), KOTOPLI MOXKeT MOJYYHTh B UCPe NepBhiil ur-
pok. B nannom naparpade npeanonaraercs, aro gpyakumun Flz, y) u Gz, y)
HeNmpepLIBHE Ha Tpou3Be1eHuH X X Y KOMIAKTOB MeTPHYCCKHX POCTPAHCTE.

rpa I'y. Ilepewiii urpok Beibupaer ctparernio r € X U cooDIIaeT ee BTO-
OMY. 3arem BTOPOil HIPpoK BeIOUpaeT crpareru y < Y. auad x. [Ipu satom
a 1

2
6}';[{:!1"-.-1 HCIIOUILI0BATE CXEMATHYHY I 3allHCE IT— 1. CMBICT l'Il'}f,H,l'}ﬁHbIX CODﬁI.L[E-
HUl OMeBHICH B TeX CIIYVHadAx, KOrda HHTepeCkl HIpOKOB OJIH3KH. Hﬂl’lpI{I'u'IEp,
CCJIH BBl pelIiHJIn C KEI\-{-HHﬁ}’_ﬂ,B BCTPETHTBCH, TO CDDﬁLU,H.ETE, KVIa IIpHIe-

Te. Urpa I') aBngerca neantaronucTudeckoii oJHoOmAaroBoit urpoit ¢ moHoii
nHpopMarueii.
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DKOHOMHYECKAS HHTePIPeTAlns: Nepeblil Hrpok (ueHTp) coobiiaer BTO-
POMY HUTPOKY (MPOH3BOJAHTEI0 MPOJAYVKIHE) eHY T Ha NpoAvKiIHio. Bropoii
HI'POK BBITTYCKAET MPOAVKIHIO B KOJIHYECTBe 1), 3Had [HEeHY .

[Tonesno zanucars urpy I'y B HOopMmaasnoii popme. Bropoit urpox uc-
moaL3yeT crpareruu sujaa ¢ @ X — Y. MuoxkecTBo Beex Takux cTparerui
obozuaunm depes {g}. Toraa

Iy = {X,{g}, Fz,9),G(z,9)),

def def
rae Fle,g)=F(z, g(x)), Gz, g)= G(z, g(x)).
Haiinem mammyummii rapasTHpoBaHHBI pe3yiabTaT F) nepeoro urpoka B
urpe I'y. [Ipeanonoxum, wro BrOpoil Hrpok, 3Had T, BEIOHpaeT

y ,:_: }I(I) = jjj_l'g Im1ax G(I‘ y)1
yeY

T.e. MAKCHMH3HpYeT cBOK (hyHKINO Beurpeima Gz, y). [lepserii nrpok 3na-
er (DYHKIHIO BHIHIPBINA BTOPOTO HIPOKA, MY TAKKe H3BECTHO, YTO BTOPOI
Oyaer BeIOHpATH CTPATErHio U3 MHOKecTBa Y (x), HO OH He 3HAET KOHKpPeT-
Horo Beibopa y € Y(z).

Bemmuuna W(z) = min F(z,y) nazeiBaercs ouenkotl sihexmuenocmau
yeY(z)

(rapaHTHPOBAHHBIM PE3YJIBTATOM) CTPATETHH .
3ameTHM, 9To MHOKecTBO Y () — HemycToe u gpjigeTcs KommakTom. Cire-

MOBATEIBHO, NN JOCTHTASTCA W HAHIVUIIHI rapaHTHPOBAHHEIT pe3yibTar
yeYix)
HMeeT BHJT

Fy =sup mun Flz.y).
L R e () (zy)

Onpedeaerue. Ilyers 3anano = > 0. Crparerus nmepeporo Hrpoka r° Ha3bl-
BaeTcs S-onTUMaIbHON B urpe 'y, ecim W(z®) = F| — e,
B nanbueiimesm MBI OIpHBeIeM NOpHMepP, B KOTOPOM SUP HEe J0CTHIAETCH.

e X
PELUHTI:: HIpY Fl — 3TO 3HAYUT HaliTH BEJIHYHHY F]_ H 2-0ITHMAJIBEHYEY CTDa~

TerHi0 =° MPH 3aJaHHOM £ = ().

Onpenenum teneps pasnosecue no maweavbepey urper I'y. Honoxmuwm

Y*(z) =Arg max F(z,y)— MHO)KeCTBO HAIJIVHIINX OTBETOB BTOPOTO HIDOKA,
yeY (x)

DUIarozKeIaTe IbLHBIX 110 OTHOHICHHIO K MepBoOMY.
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Onpedeaenue. Curyanua (27, y”) nassisaerca pasnosecuem no Hlmarean-
bepay, ecin

2 € Argmax max F(z,y), y° € Y*(2"),
reX ye¥(x)

31ech npeanoaaraeTcsd, MTo BTOPO UIPOK, MOJVYHB HHMOPMAIHIO O T, HC-
NOJIB3YeT CBOil HamIyHmmil oTBeT, HJ1arokeIaTe/IbHBI 0 OTHOMIEHHIO K TIep-
BOMY HIPOKY.

26. Teopema Nepmenepa o peweHUn Urpbl M.
HMrpa I';. [lepeoiii urpok nepei BEIOOPOM T HMeeT MOJHVI0 HHhbopMammo

00 y. OH X0auT nepBblil U cOODIIAET BTOPOMY HI'POKY CTpaTeruio Bujaa f -
Y — X. MuoxkecTBo Brex TaKHx crpareruii oboznauum uepes | f}. Cxema

coobmenuil B urpe I's : f 2 1 Lr= fly).

DKOHOMHYECKas HHTepnperanus: f(y) — BeuvuHHA NpeMun, oberaemMas
HEHTPOM 3a HPOH3BEICHHVIO TPOAYKIHIO 1.

Haiizem soipazkenne 118 HAWIYYIIEr0 rApaHTHPOBAHHOTO pesyibtata Fh
nepeoro urpoka B urpe I's. [Ipeanonozxum, uto sropoil urpok, suasa [, Beion-
paer y u3 muoxkecrsa Y (f) ZAI'E;I;?}:E.},;{ G(f(y),y). Muoxecreo Y(f) moxer

OKA3ATLCHA MYCTIM, ecii pvHKuus f paspeisaa. B ciyuae nyeroro Y(f) 6y-
JIeM CMHTATh, 9TO BTOPOI HIPOK MOXKeT BHIOpaTh JI0OVIO cTpaTeruio iy < Y.
OnpegenM MHOZKECTBO

vy < YU Y0,

Y, Y(f) =
B caenaHHBIX npenosiozkeHuax BTOpoil urpok eeibupaer y € Y *(f) u onenka
achpexkTuBHOCTH cTpaTerun [ 3amaercsa oOpMyJI0i

W)= it F(f(0).0)

Hawnayammuii rapasTHpoBaHHBI Pe3yJIbTAT IepPBOr0 HIPOKA HMEeT BH/I

Fy= sup inf F(fly),y).
Fe{1vEY*(f) (/#).9)

Onpedeaenue. Ilvers 3anano £ > 0. Crparernsa f° HazwbiBaercs
s-ontuMasbaoil B urpe L'y, ecin W(f) = Fy — =

[Touck Benuuunsl F3 no ykazanuoii opmyse BecbMa CJI0¥KeH, TaK Kak
CBA3AH ¢ PelIeHHeM ONTHMH3ANUOHHON 3a/1a4u Ha MHOKecTBe dyHkumit { f}.
Mer ganee vopoctusm dpopmyay aad Fo TakuM obpazom, 9T00BI ONTHMI3AITHS
BeJIaCh 0 HCXOIHBIM MHOZKecTBaM X u Y.
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Gy = ma&tmiE G(r,y) — HAWIVHIIHI rapaHTHPOBAHHBIN Pe3VILTAT BTO-
ye¥ e, '

POTO HTPOKA MPH VCJIOBHH, YUTO MePBBIH MPUMEHAET [0 OTHONIEHHIO K HEMY
crpareruio "nakazanua" f1: fH{y) cArgminG(zr,y) Yy €Y
=X '
E =Argmaxmin G(z,y) — MHOKEeCTBO MAKCHMUHHBIX CTpATeruii BTOPOTo

yeY xeX
HI'POEAL

D={(z,y) e X xY |G(z,y) > Ga};
sup Flz,vy), D #1),

—ox, D =
M = L;r}cl‘IEl max Flx, y).

Teopema 11.1 (T'epmeiiep). B caenanubix npeanosiozKeHuaX HAWIYY-
il rapaHTHPOBAHHBIN Pe3yJIbLTAT MepBOro HIpoka B urpe [ papen
Fy = max[K, M].

27. 3apavya MHOroKpuTepuanbHOM ONTUMMU3aLUUmM U YCIIOBUS CyLLeCTBOBaHUSA
napeTo-onTUManbHbIX CTpaTerui.

B nannoil rnase npeanonaraercs, 9TO UMEETCS OHO
auyo, npunumaouiee pewrenue (JIIP), seibupaomee crparermio » € X. Ipr
9TOM BO3MOMKHO HAIHYHE HEOIpPeIeeHHOCTeN.

: 31eck vV IEPBOTO HIPOKA HMeeTCsl OJHH KpH-

TePHil OLEHKH HCXOJI0B — ero (hVHKIUNA BLIMTDLIIIA.
umeercs oaHo JIIIP, Ho crpareruss © € X oueHuBaeTcs He CKaJsAPHBIM, a 6€k-

mopHbim Kpumepuem Wix) = (Wi(x), ..., Wo(x)). IIpu stoM KazKabiii wacmmsiii
kputepuii W; () xKeaaTelbHO MAKCUMH3HPOBaTh. EC/IH 0 CMBIC/IY 3TOT KpHTE-
puit XKejJare/lbHO MUHEMH3HPOBATL, TO €ro MOXKHO 3aMenuTh Ha —W;(x). Hrak,
HEOIPe/Ie/IeHHOCT 3/1eCh BbipazkaeTcs HescHocTbio uean JIIIP (Heckoibko Kpu-
TEPHER).

3agata MHOTOKPHTEPHAIBHONH ONTHMHU3AINN 3aK/I04MaeTcd B Beibope © € X
npH HaJau4guu BekTopHOro kputepud W(z). Kakyio crparerutro r < X ciaeny-
er poibupars JIIIP 7 Oreer na stor sBonpoc we npocr. Jdeno B ToMm, 4T0, Kak
NpaBWJI0, HE CYVIIECTBYET CTpaTeruu = Arg HE% Wilz), i=1....,s.

-

HpH PelieHH MHOTOKPDHTEPHAJIBHBIX 3a0a4 UCIIOAB3YVHT CTPATErHH, oOnrnu-
MOAJABHBLE T HﬂpE?HD.
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Onpedeaenue. Crparernss ©° € X masesaercs ontumanboil no Iapero,

eCJIH He CYINecTBVeT Takoil crpaterun x© < X, urto Wi(x) = I*I-'Z;(;rﬂ), i=1,....8,
1 XOTs OBI OTHO HePABEHCTBO BRIIOJIHEHO Kak cTporoe, T.e. Wir) Wiz").

Muoxecreo Beex ontumanbHbix 110 [lapero crparernii oboszHaqum qepes
I[I{X.W). B paccmorpennom npumepe IIX, W) = {;rl,;r3}. Ormerum mpocToii
criocod npopepkn ontuManabHocTd 1o Ilapero crparerun z. [Ivers ¥V = W(X)
— MHOXKECTBO BEKTODHBIX OILEHOK, OTBEYAINIHX BCEBO3MOMKHBIM CTPATEIHAM
r € X. Capuraem HeoTpuaTeabhsiii oprant B = {y € E, |y, = 0, i=1,..., s}
eBKJIHI0BA nTpocTpancTea F° B touky W (z). Eciu capunyTerii oprant (BKaovan
ero IpaHnllbl) He COAEPIKUT APYruxX BekTopor, kpome W(x), To = € II{X, W).
Bonee dpopmanbio yenoene ontumanasHocTn 1o Ilapero ang crpareruu x 3amnu-
coipaercs B Buge (Wiz)+ ES)NY = {W(z)}.

Teopema 3.1. Ilycte X — KOMIAKT MeTPpHYECKOI'O NMPOCTPAHCTBA, & YaCT-
ubie Kpurepun Wi(x),i = 1, ..., s, Henpepsieabl Ha X . Torna maoxkecteo 11X, W)
HE MYCTO.

HokazareseTBo. PaccMoTpuM clIeIyoONy0 c6epmKy BEKTOPHOTO KPHTEPHS:

Fi(\z) =3 A\Wi(z),
i=1 s
A=Al A EA={A] ) Ai=1, A >0,i=1,..5}.

i—1

Takum obpazom, makcumu3upyd ceeptky Fi(A,r), MOXKHO DO/Iy4arb ONTH-
vmasibHEIe TI0 [Tapero crparernn. Ho ana seakoro mm x € INX, W) dA e Az =
X1(A)? Orer B obuieM ciiyydae oTpUIATEIbHBIN.

28. NpepcraBneHMe MHOXeCTBa onTUMarnbHbIX No CnenTtepy crpaTterum c
Mcrnonb3oBaHUEM CBEpPTKU TUNa "MUHUMYM".

Paccmorpum apyrvio ceeptky Fao(A, x) = 11_;1_i_1__1 AMWix), tne A € AL Ilpu uc-

MOJIB30BAHUHE 3TOH cBepTKH OyaeMm npeanonarars, 9to Wi(z) > 0, Yo € X, i =
L,...,s. 9T0 He ABJIAETCHA OrpaHUMEHHEeM ODIIHOCTH.

Teopema 3.2.(1).b.['epumeiiep). [Iyers Bee wacTHbie KpuTepuun W, (x) Henpe-
PLIBHBL H MOJIOKHTEIBHBI Ha, KOMIakTe X MeTpH4ecKoro npocrpancrea. Loraa

S(X, W) = UneaXa(A). (1)

K coxanenuio, He scerma Xao(A) C II(X, W),

29. HeobxoaMMbie U AOCTaTO4YHbIE YCIIOBUSA AN ONTUManbHbIX no CnenTtepy
cTpaTerM B BbiMyKI1IOM MHOTOKpUTEpUanbHOMN 3aaave.
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Hpyroit moaxoa cOCTOUT B AaHAJTIHTHYECKOM METOe MOCTPOSHHS MHOMKeCcTBa
I1{ X, W), koropoe nbITalOTCH 38aTh OIPAHUYEHUAMH BUIA PABEHCTE WJIH HEPa-
BeHCTB. Takoil Moaxoa OCHOBAH HA HCIOJIL30BAHUH YCJIOBHI, KOTOPBIM JI0/ZKHEI
VAOBJIeTBOPATh onTuMasbHbe 110 [lapero niau Chelitepy crpareruu. [Ipusemem
NpUMep TAKHUX VCJIOBHIT 415 ¢Iy4dasd BOIHYTBHIX KPHTEPHEB Ha BBITYKJIOM KOM-
NaKTe eBKJIHI0Ba IpocTpaHcTea E™.

Onpedeaenue. Iyers x° € X. Tosopar, uro BekTop a € E™ 3a1aer B TOUKe
=Y Hanpapienue, JonyceTHMOE 1T MHOMXKeCTBa X, ecIn Hafijercs takoe =g > 0,
yro 2% 4+ =x € X s Beex £ € [0, 2q).

ITo cMBICTY, ABATASCH W3 TOYKH T° B HAIPABIEHHH (v, MBI HEKOTOPOE BPEMS
6yaeM octaBaTbes B MHOKecTBe X. MHOMKECTBO BCeX JONYCTHMBIX B TOUKe D
Hanpaesennii o6o3naunm gepes £(zY).

Tnsa ¥, BHyTpeHHeil TOYKH MHOXKeCTBa X, J11000€ HAIPAB/ICHHE SIBJISOTCH
gonycTHMBIM. [l rpanuvHOil TOUKH KPYra Ha IIOCKOCTH JOMYCTHMO JTI000e
HallpaBJIeHne, Beayiiee BHYTPL Kpyra. KacarebHoe HallpaB/ieHHe TOMYCTHMbIM

He ABJIAETCH.

Teopema 3.3. Ilycte Bee uwacTHble Kpurtepun Wi(z), ¢ = 1,..., s BOrHYTBI
W HelpepbiBHO AudybepeHnpyeMbl Ha BBITYK/IOM KOMIakKTe X eBK/IHI0BA MPO-
crpaHcTBa. Toraa jiuis Toro, 4rodn zV ¢ S(X, W) meobXoaumMo U J0CTATOYMHO,
4T06BI HAILIOCH TAKOE JI0NycTHMOoe Hanpasiaenne a < L£(z?), aro

(W/(2%),a) >0,i=1,..,s. (2)

[Tosromy a8 cTporo BOray-
TBIX KpUTepuer TeopeMma 3.3 jaeT HeoDXOAHUMBIE H JA0OCTATOYHBIE YCJIOBHSA IS
onTuMmasbHbX 110 [Tapero crpareruii.

30. 3apaya NpUHATUA peLueHusi NPU HanM4YMm GUHaPHOro OTHOLLUEHMUS.

Onpedeaerue. bunapaeiv orHOeHneM K Ha MHOXKecTBe X HA3BIBAETCH T0I-

muoxectso R < X » X.

Bunapuoe orHomenne R 3/1ech HHTEPHPETHPYETC CIeAYIOIIM 00pa3oM: ec-
m (z,z') € R, to gna JIIIP erparerus x ayume crparernn x’ (Win He XyxKe,
gem 2'). Bumectro (z,2") € R 06biino ucnons3yioT Gonee npoctyio 3anuch xR’

Ecm (r,2') ¢ R, 1o byaem nucars rRx'.
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Bunaphoe oTHOlIeHHe HA3LIBACTCH:
a) pediekcupHbiM, ecin rRr Vo € X;
6) anTupeduiekcuBHbIM, ecin rRr Yo € X;
B) CUMMeTpUYHbIM, eciin xRy = yRx Y,y € X;
r) acHMMeTpHUIHbBIM, ecin Ry = yRr Yr,y € X;
1) TpaH3UTUBHBIM, eciiu xRy, yRz = xRz Yr,y, z € X;
') AIUKJIHYHBIM, €CITH Arl . 2F c X 2'R+?R...Re* Rzt
PHCCMDTPHM MMpHMepHbI. R — 6HHH.1)HDE OTHOLIIeHHe CpPpaBHEHHA CT]'JH.TEI‘Hﬁ
10 BeKTOPHOMY KpPUTepuio B Hectporom cumeiciae (no [lapero) wim B crporom
embicae (o Creiitepy). 9To TpaH3UTHBHBIE, ACHMMETPHYHBIE OTHOLICHHSA.
Onpedeaerue. MuoxecTtso

C(X,R)= {2 € X | zRz' = 2'Ra} (1)

HazblBaeTcA Adpom ODMHapHOTO OTHOIeHNus H.
ITo cmeicay ecmn 2’ € C(X, R) u x ne xyxe, dem ', To u =’ He XyKe, 4eM .
Eciu 6unaproe orHomenne K aCHMMETPHYMHO, TO s/IPY MOXKHO JaTh SKBH-
BaJIeHTHOe, Dojee y100HOe olpeaeseHne:

C(X,R)={r'cX| Are X :xRa'}. (2)

B kausectse npunoxkenns o01Ieil 3a/1a41 NPUHATHSA PeHIeHUH OCTABUM 3a/1a-
4y COKpalleHHs MHOMXKecTBa onTuMaibHeIX 110 [lapero crparernit 1I( X, W) ua
ocHoee sKcneptroit nHdopMmanun. [Hoaxoa 661 npegnoxken B.B.Ilogunoeckum.

31. MeToa cyXeHusi MHOXeCTBa NapeTo-onTUMManbHbIX CTpaTern Ha oCHoBe
MHcopmaLnmn 0 cpaBHUTENbHOW BaXXHOCTU UMM PaBHOLIEHHOCTU KPpUTEpPUEB.

Teneps npoeeem Heobxoaumy o popManuzanuio. byaem roBopuTs, 4To HacT-

uble kputepun Wi(z) n W;(x) ognopoansl, eciu max Wilr) = max Wi(z) n
TE =

3151;1% Wilx) = ;1;1;{1 W,(x), To ects kpurepun W;(x) u W;(x) nmeor oguHaxkoBble
JHATA30HBI H3MEeHEeHHs.

Ecnu kpurepun Wi(z) u W;(xr) e apiai0Tca 0JHOPOJHBIMH U He ABJIHKTCHA
KOHCTAHTAMH, TO WX MOXKHO CJIe/1aTh OJHOPOIHBIME, 3aMeHuB Kpurepuit W, (x)
Ha kpurepuit aW;(xz)4 3, rae a > 0 u 3 coorpercreyomum 00pasoM noaobpas-
HbIe KOHCTAHTHI.

Mycrs [ = {1,...,s} — muoxkecTBO HOMepOB KpuTepues. ndopmanus or
JIITP o cpaBHHUTEIBHON BAaXKHOCTH HJIH PABHOLEHHOCTH KPUTEPHER 3a/1aHa MHO-
wecrBamu Ay, As © [ x 1. 3neck A1 — MHOXKecTBO nap (r, t) HOMEPOB PABHOIIEH-
HBIX KpuTepues, Ao — MHOXKecTBO Takux nap (r, t), uro kpurepuii W,.(x) Baxuee
kputepusa Wi(xr). A; u As MOKHO paccMaTpHBaTh KAK ODMHAPHBIE OTHOIIIEHUA Ha
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I : Ay — oTHOLIEHHE PABHOLEHHOCTH KPUTepHer, a Ay — OTHOeHne HX CTPOroro
npeanodreHus. EcrecTBeHHO HPeanoioKuTh, YTO OTHOMeHHe A1 CHMMeTPHYIHO
U TPAH3HUTHBHO, OTHOIEHHEe Ao acMMMeTpu¥HO W TpaH3uTusHO. Mudopmamis,
BRIpasKeHHasa B OMHAPHLIX oTHOmeHusX Ay u Ao, momxHa OBITH HEIPOTHBOpPE-
YUBOIl B TOM CMBICJIE, 9TO Helb3s MOCTPOUTE Henouky suga rBiiBs... Byr, riae
B, = Ay wimn As n vHe ans Beex 1@ B, = Ay, Hanpumep, ecoin undopmaims
HEMIPOTHBOPEYHEA, TO HeJIb3d HOCTPONTE Henodky suaa 1A4124-,3411.

HenporueopedneocTs sKCnepTHOH HHGOPMALIHE MOMKHO 3a0ATh CJ1€1VEOIIHM
crocobom. Onpeaenum Ha MHOKecTse | OuHapHOe orHOmeHue: Pt BBITOTHEHO
TOABKO B TOM €JIVYae, KOrJa CYIIeCTBYeT enouka igB1i1Ba....Big, roe ip =
r, i = t, a Kaxkaoe OuHapHoe orHowenue By, | = 1,... &k, pagno ymbo Aq,
b0 As 1 cpean HUX ecTh MO Kpaitneit oaHo otHomenne Az, Herpyano sugers,
g0 ODuHapHoe oTHOeHue ® rpanzuTusno. Henporueopeuneocts HHGOPMAIIHNA
COCTOMT B TOM, 4TO OHHapHOE oTHOmeHue ¢ antupeduieKcHBHO.

B epknunopom npocrpancree E° pekTopHBIX onenok y = W(x) onpegenum
cieayoue OMHAPHBIE OTHOIICHHSH.

Ornomenne [Tapero —

P = {(y?y’) ceE"x E°|y; = yi, i=1,..8 y# y’}.

s napel (r,t).r # t 1 BeKTOpa Yy BBeJeM BEKTOP i, NOIYVUYeHHLIH W3 Y Iepe-
CTAHOBKOI r-if 1 -l KOMIOHEeHT.

IMycrs rAqt. Onpenenuy Gunapruoe ornomenne S,; Ha E¥ 1 yS,z < 2z =yt
Ecan kpurepun W, u W, papnouennsr aia JIIP, To 1 BekTOpHBIE OLIEHKH Y H
Z PABHOLEHHBI /I HErO TIPH 4S5, 2.

[Iyers rAst. Onpenennm dbunapHoe oTHomenune 1, @yl z < z = y"'t. Yy =
Y. ITo eMbicay ecu r-it Kpurepuii npeanodrureasHeil -ro, To OLUeHKa Y mpei-
noururensHeil aus JIIIP onenku z, mockonbsky mo Gosee mpeanodTHTE/TLHOMY
KPUTEePHK) 3HAYeHHe DOJIbIIe B OLEHKe 1.

Onpegennm, HaKOHEL, pe3yasTHpyomee bunapaoe orHouenue R : yRy', ec-
JM CYIIECTBYET TaKas MOCJIenoBarelbHocTh 20, z1, .. zF wro y = 2V, o = 2F
u z"Hoz'Hy ... H,_1z*, vne 6unapubie orHomenns H, [P, Sy @ rAqt, Ty
rAst} u npu sToMm He Bee H; = S,4. B arom ciayuae Gyaem ropoputs, 4To mocIe-

AoBaTe/lbHOCTE ZD.. Zl y anay Zk CBAZBIEAET BEKTODHBIE OLEHKH i H y;

Jemma 1. BHHHJPHD'P oTHOImeHune R — TPAH3HTHBHOE H AllHKJIHYTHOE,

Oycrs (X, W) = {2}, .,2"} a I(Y) = {y* = W(z'), i =1,...m} —
COOTBETCTBYIOLIHE BeKTOPHBIE OLEHKH. 3ajady cyxkenusa maoxecrea (X, W)
MOKHO copMymupoBatek tak: Tpedyerca waittu sapo C(II(Y ), R) Gunapuoro
ornomenus R ua muoxkecrse (YY), IMockonbky orHOmenne R ALUKINYHO H
TpaH3uTHEHO, a MHOxKecTeO II(Y') koneuno, To sapo C(IL(Y), R) ue nycro.
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UcHOBHAA 3aa4a 31eCh COCTOHT B CITeJVIOIenM. r.U,J'[H ABVX BEKTOPHBIX OLE-
HOK Y H '}__.,I'f TpEﬁ}-’ETCH BBIACHHTE, CBAZAHBL JIH OHH OTHOIIeHHEM R. B gacraby
CVHadX 3Ta 3a/Ja49a pelllacTCd HeC/TOXHO. PHCCM(}TPHM IpHMEDBI.

1. ITycrs Bee vacTHBIE KPpHTEPHH paBHOUEHHBL, T.e. A1 = 1 x [, a Ay = ().
Hrobbl CPABHUTE BEKTOPHLIE OLEHKH ¥ M y', HYIKHO CHAYa/la VIIOPAJIOYHTE HX
KOMITOHEHTEI, a oToM cpaBHUTh uX 1o [lapero. Bonee cdhopmansno, onpegennm
BekTOp #(y) € E°, obpa3oBaHHEIT U3 KOMIIOHEHT BEKTOPa I, PACIIOIOKEHHBIX B
HnopsiiKe yObIBaHUA:

O1(y) = ba(y) = ... = 0.(y).

3necs B1(y) = 1q1_iq Y — HauDO/IbIIAsA KOMIIOHeHTa BeKTopa ¥, a f.(y) = max y;

1<:<s

— HAMMEHBLIIAA.

Hemma 2. Eca yPy', To 8(y)PO(y).

Vmeepocdenue. Ecom Ay = I < I, o yRy' BeInOMHEHO TOT1a | TOJLKO TOLIA,
koraa @(y)Po(y’).

32. 3apavya cpaBHeHUA ynpaBnsieMbIX AMHAMUYECKUX O6HEKTOB
Hunamuveckuii 00bLeKT 3alaercd cHCTeMONH 0DbIKHOBEHHBLIX dudpdepeHiin-
AJIBHBIX YpaBHeHHH
i = f(z,u,z), z(to) = 2°, (1)

vae z € Z(x) = {z € E™ | gij(z) < w;(z), 7 = 1,...,1} — Bexrop daszosbix
nepeMeHHby, r € X — BeKTOP KOHCTPYKTHBHBLIX napamerpos (crparerus JITIP)
u u € U — ynpasnenue.

K rakonmy kinaccy o0beKTOB OTHOCATCS JIETATe/ILHbLIH annapar, podboT-MaHuIyIsTop,
AIEKTPHYECKAs ENb U T.1. BO3HUKAET BONPOC, KAK CPABHUTH JIBA BADHAHTA T U
' KOHCTPYKIMI IHHAMHIECKONH cHCTeMbl?

[Iycte H — wmuoxecrso B E™. Oboznaunm uepes convH BeIIYKAVIO 000-
JIOYKY MHOXKecTBa H, T. €. mepeceveHne BCeX BBIMVKIBIX MHOXKecTB u3 E™,
cojepxamux MHoKecTo H. Beinykias obonouka convH npejcrasiser coboii

k
COBOKYITHOCTH BCEBO3MOMKHBIX BBINYK/ILIX KoMOunanuii Buga » A,;z7, rie
j=1
ke

SN =L AN20,2cH, j=1,..k

i=1
Chopase/THBO c/IeIyIONiee VTIBEPXKIeHHe: BRINVKIad 000/I0UKa KoMnakTta B E™
ABJIAETCH BBINTYKJIBIM KOMIIAKTOM.

PaccMOTpHM MHOXKECTBO
. - def — -
Gz, z)=convf(z,U,z) = conv{f € E™ | f = f(z,u,z), ue U}
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— BBINYKJIYI0 000/1049Ky eexmopozpammus f(z, U, z) npasoii wactn cucremsr (1).
B nanbueiiniem npeanonaraercs, wro Gyakuug f(z, w, ) venpepbigha, a [ —
KOMIIAKT €BKJIMA0BA HpocrpancTea. Torga pekroporpavmma f(z, U, r) — KoMm-
naxt, a ((x, z) — BRINYK/ILIH KoMnakT B £,

Onpenenum OUHAPHOE OTHOLIEHHE

rRr = Gx,z) DGz, 2),Vze Z(2') C Z(2"). (2)

Hutyurueno scHo, 9To 00bekT r obnagaer OOMBITHMH JHHAMHYECKHMH BO3-

MOZKHOCTSMH, 4eM 00beKkT . DT0 03HAYaeT, 4TO yIpaBias 00LeKTOM T, MOXK-

HO NOJIYYHTEL Oo/Iee IMHPOKoe MHOXKEeCTBO TPAeKTOPHIT, YeM yIpaBias 00beKToM
r1

T,

33. MaTemaTtuyeckass Moaenb onepauuu.

B arom 1 cneayomem naparpadgpax usnaraercd noaxon H).B. I'epmetiepa x
MOCTPOEHHI0 H HCCJIENOBAHIID MATeMATHICCKHX MOjenell onepauull. 3jeck co-
xpaHeHb! obo3HAYeHus, Hcnoak3oBanabie B Kaure H).B. Tepmetiepa.

Onepamusa — 9T0 COBOKYIHOCTH MepPONPHATHI, HAIPABICHHBIX HA JIOCTH-
JKeHne HeKoTopoil 1meyn. COBOKYNHOCTE Jiuil (H/IH OTHO JIMIO), CTPEeMSAIIIXCS B
OTIEPAITHH K TIOCTABJIEHHOMN 11eJTH HAZBIBAETCS onepupytouieti cmoporoti. B onepa-
IHH MOTYT Y9IACTBOBATHL APYIHe JIHIA, HAIPHMeD NPOTHBHHKH, Hpecie/Ty ioe
coOCTBEHHBIE [18JI1, He COBHAIAIONINE C [Ie/IbI0 onepupyionmeii croponel. BayTpn
OMEePHPYVIONIell CTOPOHBI BBELIEJISETCH JIHIO, HASBIBAEMOE UCCLed08amenem one-
paruu. Meenenoparens onepanun npecieyer TV e [eJib, 9TO H ONePHPY IMas
cropoHa. OIHAKO, OH He IPHHAMAET OKOHYATEe/IbHBIX pemrenuii. Ero 3amgaqua co-
cTOUT B (hOPMHPOBAHIN H H3YUYEHHH MATEMATHIECKON MOIEIH OMEePAIHI U BbI-
paboTKe peKoMeHIalil 110 BeIOopY crocobos melicTBHil (crpa*reruﬁ).

Onepupyolias CTOPOHA JJId JOCTHKEHHs [IeJIH ONePAINH HCIOIL3YeT ak-
muensie cpedcmea (pecypen,). B kauecrBe pecypcoB MOIYT BBICTYIATH JIEHBIH,
ChIpbe, 3alachl TPOAYKIMH H T.II.

Konwmpoaupyemuvie axmopst — 3T0 BeJIUIUHBI, BEIOOpP 3HAYEHHIT KOTODPBIX
onpejieNigeT IeficTBHe Onepupyomeil CTOPOHBI B PAcCMATPHBAEMON OIepaIliH.
(OOBIYHO HMeeTCsl BEKTOP KOHTpOIHpyeMblx (pakrtopoe x £ My, 3necs My —
MHOYKECTBO BCEBO3MOKHBIX 3HAUEHH, KOTOpPbIe BEKTOP I MOKeT HPUHHMATHL B
npoliecce NpopeieHns onepamnuu. Buibop onepupyomeil cTOPOHOH KOHTPOJTHPY-
eMbIX (paKTOpOB 00BIYHO ocyIiecTBAseTcd BOo BpemeHn. [Ipu sToMm noctynaomas
napopmMalua 006 06cTAHOBKe, B KOTOPOH NPOHCXOINAT OMNEPAIH, MOXKeT CyIe-
CTBEHHO PACIHIHPSATE BO3MOXKHOCTH BbIOOPA KOHTPOJIHUPYEMBIX akTopoB. Ecan
B0OOIIe HUKAKON HH(POPMAIHE He MOCTYIAaeT HJIH MOCTYHAIIIAA HHGOPMAIH
He VUHUTHIBAETCH, TO ONEePHPYIONIAsl CTOPOHA MOXKeT BhIOpATH M peaii30BaTh
aoboit Bektop ¥ £ My, Bexktoper # € My Gviem Ha3bIBATE CTPATErHSIMH-
KOoHCTaHTaMu. PaccMoTpuM npumMepst.
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Hexonwmpoaupyemuie haxmopst 370 BeJIMIHHBI, BJIHAIONINE HA HCXOJ Olepa-
U, HO BbIDOD 3HAYMEHHH KOTOPBIX He HAXOIUTCI B PACHOPHMKEHHH ONEepHpY-
orteit croponsl. Hekonrponupyemeie hakTopel jensTcs Ha HeonpedeienHble i
cayuatinsie. Heonpenenennbie pakToOphl 9T0 TAKHEe HEKOHTPOJIHPYeMble (haKTo-
PBL, IS KOTOPBIX H3BECTHA JIHIIH ODJIACTh HX BO3MOMKHBIX 3HaueHuil. [lyeTs y —
BEKTOD HeollpeneIeHubix hakTopop, y € Np, rae Np — MHOMKECTBO BCeX BO3MOZK-
HbIx 3HaueHnil qus y. OgHako, onepupyomas cTOPOoHa ODBIMHO HPEIOIAraeT,
UTO BEKTOP ¥ NPHHANJIEKHUT HEKOTOpOil obaacmu veonpedeaennocmu N C Ny.
Hanpumep, npu agajnze MaxMaTHON MAPTHH MOXKHO HCKJTIOUHTE 3aBEI0MO TJIV-
Ible X0kl NPOTHBHHKA. PucK, cBasanubiil ¢ npennojoxkenuem y € N jgo/kHA
B34Th Ha cebd onepupyomasi cropora. Heonpenenennbie hakToOphI JeI4TCH HA
CJIe Ty FOTIIHeE

a) KOHTpOJHpYeMEle (paKTOPEI HPOTHBHHKA (€ro CTpaTeruun),

6) npupomHBIe HElpeIe/IeHHOCTH,

B) (baKTOPHI, XapaKTePHU3VIONIHEe HesACHOCT IIe/IH OTlepUpPYIONIeil CTOPOHEL.

Cayuatiisie daxmops 3TO cIyvaliHble BeJINUHHBL, BAHAIONNE Ha HCXOM OMe-
pammuu. Bekrop cayuaiinex dpakTopos oboznauum depes z € £, Ilyers # — 3akon
pacupenenerns s z. OH MoxKeT OBITH TOYHO HE H3BECTEH, a M3BECTHO JIHNIb,

uto # € 6, MuoxkecTBa © BerpeuarTes JIBYX OCHOBHBIX BHJIOB:

1) © ={#,, a € L}. 31ech THII 3aKOHA PACIPEICICHNS H3BECTEH (HOPMAaib-
HBIH, SKCHOHEHINAILHBIA U T.IL ), HO HAPAMETP (v, ONpe/Ie/ IS oMUl KOHKPeTHbIM
3aKOH, TOYHO He U3BeCTeH.

2) © = {0, | a; < [a;(2)dé(z) < @;, i =1,..,1}. Tun saxkona pacupezne-

z

JIeHUsl HeM3BeCTeH, HO H3BECTHBI OFPAHHYEHNs HA ero HHTerpalibHble XapakTe-
pucrakn. Hanpumep, ecmn z € EL, a;(z) = 2%, To © 3amaer orpanuyenus Ha
MOMEHTEI CIVdailHol BeJITHYHHEL 7.

Kpumeputi apdpexmuerocmu. Hexon oneparmun 6y 1eM 0TOXKIeCTBIATH ¢ TPoii-
koit (z,y,z) € My x N x Z. Crenens COOTBETCTBUHA HCXO/IA OMEPAITHH TOCTAB-
JIEHHOI 1eJTH 3aJa10T ¢ [IOMOIIbIo KpuTepus addexkrusnoctu F(r, y, z) — pyHK-
nmn, onpenerennoi Ha My x N x Z. Kpurepnii a¢pdhek THBHOCTH MATEMATHISCKH
3a/1aeT [e/Ib Olepalui. ByleM CUYHTATh, UTO OUEPUPYIOIIAd 3aHHTEePecOBaHA B
yeenaeHnn 2Havenud F(x, y, z). [Ipumep kpurepus sdpexTuBHOCTH — (DYHK-
Hs BEIATpbIma F'(r, y) nepBoro Urpoka B aHTAIOHHCTHYECKOH HIDe.

Cmpamezusa. Monens onepammun muccienyercs 0 ee npopeieHusd. bymem
VCJIOBHO TOBOPDHTBH O MOMEHIE UCCAEJ08AHUA, TIPEINIECTBYIONIEM HAYAILY OIe-



Palimn:

HEPOPMAIHA ¢ HEKOHTPOIHDYEMBIN
axTopax
H-H-H SARRARRRRRRERERNERRCY -1
MOMEHT HaTaI0 KOHEeLT
HeoTemoBaHHA oneparHn OepalnH

Bo Bpems npopeneHus onepanun NocTynaeT HH(QOPMAIHA 0 HEKOHTPOIHPY-
embix hakropax. Hudopmayuonnaa 2zunomesza — 310 TOUHOE ONUCAHUE MTOCTY -
JIEHHS 3TOH WH(POPMAITHHA.

Crparerus 310 BpIOOp 3HaUeHU KOHTPOIHPYeMbIX (paKTOPOB B 3aBHCHMOCTH
OT MocTynarpmeil HHpOpMaiu 0 HeKOHTPoIHpyeMbIxX dpakTopax. Maremarnae-
cku crpaternd z3agaercd pyvaknmeit © 0 N » Z — My, Ilvere M — mHOXKecTBO
cTpareruii, oTpevaMX HHQOPMAIHOHHON Tunorese. Crparerns BeIOHpaeTcs
JI0 HAYAJIA OMEPAIIMH B MOMEHT HCCIEIOBAHMA.

OkonuaTeILHO MOOe/lbs olepalllid 3a1aeTCHd HaﬁDpDM 00 BLeKTOB:

Fle,y,z), e Mg, ye N TNy, ze Z, =0, 7 M.

34. OueHka 3chchekTUBHOCTU cTpaTernn /B TOM Ynucrne cMmelwlaHHown/ B onepauuu.
Kak cpapanBars crparernn? Kakue cTpaTerti B Oneparii clieyerT cCUHTaThb
ontamansHeIMET [loaxon HO.B. Tepumetiepa cocrout B coenyomen. CHadama n/st
Kaxkaoi crparerun © € M onpenensierca ouenwa sghpexmuenocmu W(xr) ma
OCHOBE MPHHITHNA 2apaHmuposartozo peayavmama. Ilo evmeicny W) — neko-
TOpas TApaHTHPOBAHHAS BEJIHUNHA KPHTEDHS.

Onpedenenue. Crparerns i € M HazpBaeTcs onmumaabHoil, ecan W (V) =
e def _
max Wix)=Fp(M). Ilocnennas BelHYHHA HASBIBACTCH HAUAYHULUM 2aPAHIIU-
T 1l
POBAHHBLM DPEIYABINATIOM.

Brisenem dopmuyny mis onenks apderkTusHocTH cTparernn. Crnenaem cjie-
ayiomue npennonoykennsd. Ilyvers y — nmubo npuponnas HeonpeaeIeHHOCTD, JIH-
D0 erparerns IPOTHRBHHKA, He 3HAIOMIEIO PeaTH3AINH CIyYaifHOH BeJINYHHE 2.
Hurepecsr nporuBHAIKA THO0 NPOTHBONOIOKHB HHTEDECAM OIepHPYIONMIel cTo-
pOHBI, TuO0 He H3BecTHBI. ONEpPHPYIONIAS CTOPOHA Pa3pellaeT OCpe/IHeHHe KPH-
Tepus M0 CIyYalHOCTIM, T.€. HCIOJIbL30BAHHE OCPeIHEHHOIO KPHTepus
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F(i,y dif/F Ly, 2)d6(2).
=

Torna onenka 3K THBHOCTH UMeeT BHIL

W(E) = ;g_;\r&ggfp(r(y,z),y?z)ffg(z] = nf pLFE9.9) Y
Z

Wrak, cHaua/ia npou3BoguTes ocpeinenne Kkpurepusd s dexrusnoctu F (x(y, z), 1y, z)
1o #, a norom Gepercd HIZKHASA IPAHb 110 OCTABIIUMCH HEOHPEeIe/IeHHOCTAM Y U

. 9T0 NpHMEP HCIOAB30BAHUSA [PHHIUIA MAPAHTHPOBAHHOIO peayjbrara. Or1-
MEeTHM, YTO ec/Ii OBl IPOTHBHUK 3HAJ PeaIH3alNi0 CIyIaiHoN BeJININHEL 2, TO
dopmyna misa onenkn aperTuBHOCTH OBLIA OBI APYTOI:

W@ = jut [ int Fla(y.2).0.2)d0(c).

Z
HeficTBuTeIbHO, B XV IIIIEM CIVUIae IPOTHBHHK 3HAET CTPATEIHIO T U B COCTOAHIN
malitn inf F(x(y, z),y, ) OpH U3BECTHOM €My Z.
eN T

ITokazkem, aro
Wi(z) = W'(%).

[lepefinem kK mcmonpzoBanuio cuvemaHab crpareruil. IIpenmooxkmm, gro
He OKHJIaeTcs HHKAKOH HH(pOpMAINH 0 HEKOHTPOIHPYeMBIX akTopax. B srom
ClIydae ONepHpyoas CTOPOHA HCIOIBE3YeT CTPATerni-KOHCTaHTE & = ¢ € M =
My. Ecom vangyvamuii rapasTupoBanubiii peayiastat Fr(Mg) ee He yerpanpaer,
TO MOZKHO HCIOJIB30BATH CMeNIaHHbIe cTparTernd. HamomamMm, 9To cMemaHHAas
CTPATErud © ecTh BePOATHOCTHOE pacnpenesenne Ha Mp. Onpenenmum veiopud
npuMeHeHHs cMemaHHoll crparernn. K edopMymnpoBaHHBIM BEIIIE MPEIIONI0-
sKeHuaM mobaBiM errne O/IHO: TPOTHBHUK He J0JKeH 3HAThL peajusarn r & M.
Torna onenka 3dpeKTHBHOCTH CMENIAHHON CTPATErnN  NMEeT BHJT

Wi(y) = inf inf//F(;r,y,z}dp(;r)dﬁ[z]. (2)

yeN 80
Z My

Ecnm Ob1 1poTHBHEK 3HAJI peajiu3anuio z, To (popmMyia ObLIa Ob1 Apyroii

W'(p) = inf f 111f'fF[;r,y,z]dgo[;r]dQ[z].

feB yeEN
My

Bemmunna F,. = sup W(yp) apnsercd HAWTYYIIHM TAPAHTHPOBAHHBIM Pe3y/ib-

we{e}
TATOM B CMEIIAHHEIX CTPATErHaX.
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35. Bug Hauny4uwero rapaHTMpOBaHHOroO pe3ynbTaTa B cnyvae, korga Bo
MHOXeCTBe CTpaTermin CylecTBYIOT abCOMOTHO-ONTUMAarNbHbIE CTpaTernu.

3anada nmoncka penaniel Fr(M ) HenpocTas, IOCKOIBKY OHA COCTONT B MaK-
cuvmzanun W(r) Ha mHOKecTBe yHKIui M. DTa 3aaa9a yOpomaeTcs, ec/ii Bo
mHOzKecTBe crpareruil M conepxkarcsa abcoatommo onmuMaibHble CIMpamezui.
Mo konna sroro naparpadga 6yaeM OpeanoIaraTe H3BECTHBEIM 3AKOH PacIpere-
JeHnd ciaydaiiuer dpaxTopor £

Onpedeaenue. Crparerna r, © M HazeiBaeTcd abcoIOTHO ONTHMATBHOIN,
ecu
Fli,,y.0)=maxF(&.y,0)vVy<N.
T M
Teopema 3.4. Ilycrs cymecTByer abCOMIOTHO ONTHMAIBHAS CTPATEIHS Ty &
M. Torna ¥, — onTHMAIBHAS CTPATErHs H
Fr(M) = inf max F(z,y.0).

yeN FEM

36.BbiBoa HepaBecTBa FOr ?Fc ?Fu ? .[loctaTouHble ycnoBusa paBeHcTB FOr =Fc u
Fc =Fun .

Teopema 3.5. CnpapeniHBel HEPABEHCTRA,
RR<F.<Fg<F.

IIpeanonozkum, uro cay4aaiineiil ¢pakrop z orcyrereyer, My u N — napasene-
THIIeIbl e BKJIHI0BBIX MPOCTPaHCTR, a Kputepuit F'(x, y) Henpepsisen aa Mp x N.
Torna, ecmu F sorayT mo x, o F! = F., a ecin F sBjisieTcst BBITYKJIBIM 110 1,

10 F. = Fy.

IIyers enyuaiiaeni dpakTop z orcyTcTByeT. PaccMOTpHM HENPepPBIBHYVIO HIPY
I'= <;’LID,;“'»-',F[$,y}>, B KOTOPOIT

F! = v = max min F(z,y)., F. = max mian x. y)do(z) = v
b = 26MayeN (,9), el YN (2, y)dp(x)
Maq

— 3HAYeHHe Urpel, Fiy =7 = ;1&1{1 ;Iél.‘lill.ﬁ F(x.y). Teneps Bce yTBepKICHHS BBITE-
karor u3 teopem 1.14, 1.15. H

Peaynweraram gokazanHoit TeopeMbl MOYKHO TPHIATH HHMOPMAIIMOHHBIH CMBICI.
Bemuunny IT; = F. — F! MoxHO paccMaTpHBATE Kak IeHHOCTL HHMbOpMAIm
HpoTHBHUKA O 3HadeHHH r. [lokaxkem, 4TO ec/in NPOTHBHHK 3HAET T, TO Ole-
pupyomas cTopona obecrieansaer cebe pesyabtar FJl. Onenka saddexturrocTH
000l cMemIAHHON CTPATErHH

37



Wip) = /miq Flx, y)de(x)

yeN
Mg

He MPEeBOCXOIHT

max min F(r,y) = FP.

Mo ye N
ITosToMmy B 5TOM Cilyuae NpUMEHEHHE CMEMIAHHBIX CTPATErHI He HMeeT CMBICIA,
a UCIOIB30BAHNe YHCTRIX cTpaTernii nospojiser noayuante Fy. Ecam, naoopor,
peaIn3alisd 3HAYeHNs T HPOTHBHHKY HEH3BECTHA, TO OMNEPHPYIOMIAH CTOPOHA
MOZKeT nojayauTh peayiasrar F,.. Ecmn kpurepnit F'(x, y) Borayr no =, To I; =0
" NPOTHBHHKY He UMeeT cMbIcaa HobuBaThest HHGOPMAIHl o .

Ananornano peqmauny I, = Fy — F. MOXHO paccMaTpPUBATh KaK [[€HHOCTH
uHAOPMAIIHH ONEePHPYIOIeH cTOPOHB! O 3HaYeHHH ¥, lelicTBHTENBHO, €C/IH HH-
dopmanusa 0 HeonpedeeHHOM (paKTope i 0KHIAETCs, TO OMePHUPVIONIas CTO-
poHa ToNy4uaeT peayiabtar Fy., a B nporusHOM ciyuae — F,.. Eenu kpurepnii
F(r,y) apngerca poimyknbiM 1o y, To I, = 0 u onepupyiomeit cropone e
HMeeT €MBIC/Ia JoOnBaThcd WHOPMAIHU 00 .

37. Teopema 0 NPoOoM3BOAHOM MO HamnpaBfeHUI0 (PYHKLUMU MUHUMYMa U
BbITeKalollee M3 Hee Heob6xoauMoe ycroBue Ansi MaKCUMUHHOW CTpaTeruu.

Paccmorpnm onepanmio 6e3 cydaiiHbix (pakTOPOB H MHOXKECTBOM CTPATET il
M = My. B srom ciayuae onTuMmanbHas crparerus rU € My aBjIsercs MakcH-
MHHHOI:

W(z%) = max W(z), cne W(z) = min F (. y).
= yeN

Hailinem HeobOxommmble yCIoBHS I MAKCHMHHHBIX cTpaTernil u obcyimm
MeTo nx noncka. HeobOxommmere yesioBug OVIyT HCHO/IB30BATE (QOPMYIY IJIst
NPOU3BOIHON MO HanpapileHHIO PyHKIAH MuHEMYMa W (x).

Hamomunm onpene/ienne TPOH3BOAHON MO HANPABIEHHIO (DYHKITHH MHOTHX
nepemesHsX. [Iyers B epkymmoBom npocTpancree E'™ 3anana dyeKIma h(x).
Bozbmem pexkTop o € B, zanaronmii Hanpasierane g £,

Onpedeaenue. Benmanaa

hiz+ca) — hix) de f dh(x)

1j
1111 dox

g—40

i

HA3BIBAETCA MPON3BOTHON MVHKINHA /(1) M0 HANPABIEHHIO v B TOUKE T
Kak uzpecTHO W3 Kypca MATEMATHYECKOrO aHalHN3a, ecin hyvHKOuA fi(x)
nudpdpepentiupyema 8 ™, To
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dh Z agh = (o, h'(x))

— CKaJIsipHOe [pOH3BelleHie BeKTopa v Ha rpaguent i’ (r) B Touke .
Oyuxuust h(zr) mMoxker He GwITh auddepennupyemott B rouke ', HO HMETh
B 9TOI TOYKe NPOH3BOJHYIO IO HAIPABJEHUIO.

Teopema 3.6. Ilycte x = D C E™, rne ) — oTKpeITOE MHOMKecTBO B E™,
a y ONpHHALIeRUT Merpuueckomy KommnakTy N. Ipenmonoxkum, uro dpyHKINNT
F(x,y).F] (x,y), i = 1,...,m onpenenens n Henpepeienel va [ x N. Torna s
n0boit Touke r £ D no nwbomy Hanmpapnenuio o € E™ cyniecTByer TpoH3BOI-
nas pyvaknnn MuaaMyMa W(r), KoTopas uMeer BHIT

AW (z) I ;
—d-—_‘r = yg{l?ﬂ 2 f_‘riné (z,y). (1)

rae N(x) = Argmin F'(x,y).
yeN

Caedemeue meopemui 3.6. Ilyers My — BeInyKibiil koMmakT B E™, a £(zY)
— MHOKECTBO JONMYCTHMBIX HalpaeaeHnii B Touxe = € My,
e ¥ € My — makcummmnas crparerns. Torja B ycIoBHSIX Teopembl 3.6

BBIIOTHEHO ClIellVIoee HE"-DESXO,II;HMOE"- VCJIOBHE!

-qup 111111 Z foh Fn )= 0. (4).

38. Heobxoaumble ycnoBusa ontuMmanbHOCTU AnNA MaKCUMWHHOWM cTpaterum n3
OoTpe3Ka un cnencreuA.

Teopema 3.7. I[Iyere byukmuu F(z, y), FL(x, y) HenpepbIBHBI HA MHOKeCTBe
D x N, tne D — unrepsaj, conepxkamuii orpesok Mg = [a,b], a N — komnakt
METPHYIECKOTO IIPOCTpaHcTBa. Lorja s MaKCHMUHHON crparermm r° = My
BBINIOJTHEHO XOTs OBl OJJHO U3 CJIeIVIONAX TPeX VCIOBHIL:

a) 2 = a wm 2 = b;

6) matimyres y' # y? € N(2¥) = Argmin F(x, y);

yeN
B) N(2%) = {y'} u Fy(«%, ") = 0.

Jamevarue. Teopema obobmaer HeOOXOTUMBIE VCJIOBHS JJI TOYKH MaKCH-

myma 2 guddepenmupyemoli byHKIHE Ha oTpezke: aubo Touka 1! gpaseTca

KOHIIOM OTpe3Ka, JHO0 Npon3BoaHAs (DYHKIHH B TOYKe 7 paBHA HYJIO.
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Caedemsue. Illyers B yenoBuax teopemsr 3.7
N Tsy — T o ag . = . P .
N={yceE"|¢;<y; <d;. j=1....n}

— mapaJuieJIeline]l eBKJIHI0Ba mpocrpancTea £E™, B mo6oit Touke KoToporo cy-

MECTBYIOT [POU3BOAHBIE F) ;,j (z,y), 7=1,....,n. Torma mia makcuMuHHON cTpa-

terun 2° € My = [a, b] BuimonHeno xors 6bl OIHO U3 CIeAYIONIX ABYX YCIOBHI:
1) Jyt e N(@2):

= F, %y — )y —di) =0, j=1..n (5)
2) 3y'#y’eN@"):
F(ID,yI] _ F(IO?y?]! F«‘j (.I,‘D,yl‘,l[yj _ L—-J][:y;' —ffj::l =

= F;j (n:ﬂ,yzilliyf —cj](yf —d;)=0.j5=1,..n. (6)

39. NMpuHumn ypaBHuBaHus Nepmenepa.

B srom naparpade Mbl pacCMOTPHM HEKOTOPBIE 381890 ONTHMAIBHOIO Pac-
npeleieHust pecypcoB. ByayT cdopMympoBaHbl VCIOBHS ONTHMAJIBHOCTH, A
TAKZKe VKa3aHbl AJIFOPHTMBI IOMCKA ONTHMAJIBHBIX paclpele/leHHil pecypcoB.

IMycrei = 1, ...,n, — HOMepa 1 YHKTOB, [0 KOTOPLIM OMEPHPY Oas CTOPOHA,
pacupenenider pecypc. Uepez f;(t) oboznadum GVHKIHIO, ONpele/IsSionyio 3¢h-
dEeKT OT BJIOKEHUs pecypca B KojimdecTse t B i-it nyHKT. BexkTop = = (11, ..., 7,)
3aJaeT CTpaTernio pacupenejienua pecypea. [Ipu o1oMm Ha i-f IYHKT HAPABIS-
eTcd pecypc B KOJIHIECTBE T;.

Byvaewm paccmarpusarh Ba BHIA 3aa4: HEIPEPLIBHBIE, [Je PeCypc Mpeno-
Jiaraeres BecKOHeYHO-IeIHMbIM, i JIHCKPeTHBIe, T1e pecype — mTydHbii, a A
" r; — neasle unciaa. g HenpephIBHON 3a1adi MHOMKECTBO CTPATernil MMeeT
BT

My={z€E" | Y x;i=A 2,20 i=1 ..n},
=1

a I TUCKPeTHOH —
T
My={z€E"| ) zi=A 2,20 2, €2, i=1...n},
=1

e 2 — MHOZKEeCTBO IIeJIBIX YHCe,I.
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PaccMoTpum clieyoniy 10 HelpepLIBHYIO 3a a9y :

max min fi(z;) = min fi(z?). (I)

zelMp 1<

IIo cmbic YV OIepHpPVIOIDad CTOPOHA CTPEMHTCA MAKCHMH3IHPOBATE CBEPTEY BH-

A 111_1i1_1 filx;), Te. MEHIMANBHBIN 3D EKT OT BIOXKEHHS Pecypca. JTO OTBeYa-

eT CONMAJTHCTHIeCKOMY TpPHHIANY: "uTobsl He Obi1o Demabix". MakcuMuHHY O
crparernio r¥ GyneM HABBIBATb ONMUMAILHBM pacnpedenerem pecypcea.

Sagaqay ([ ) byaem paccMaTpHBATL B MPEANOIOKEeHNH, 9T0 Bee (pyHKmun f; (1)
HellpepbIBHEI U Bo3pacraioT Ha orpezke [0, A]. Kpome Toro, 6e3 norepu o6mimo-
cru OyJeM CYHTATH, 9TO

Byem yc/10BHO rOBOPHTE, UTO HEPBEI MYHKT SBjIdeTcd cabeiiimmn: ecin Iy HK-
TaM He BBLIE/IAeTcs pecypc, To 3heKT Ha MepBOM IIyHKTEe Oy 16T HAHMEHBIITHM.

Teopema 3.8. (npununn ypapausanus H).B. Tepmeiiepa). B cpenanneix
HPeIIOIOKeHHSIX IycTh = — ONTHMAJBHOE PACIIPEeesIeHIe Pecypea B 3ajade
(I). Torma s x¥ BemmoHEeHO Cle/yoNee HEOOXOANMOE H IOCTATOUHOE YCIOBHE:

Halimerca takoe mejyoe k, 1 <k < n, aro

fil@) = fr(@}) < frup1(0), i=1,.. k-1,

1
=0 i=k+1,...,n. (1)

Ecmu f1(0) = fo(0) = ... = f,(0), To k = n. Bo Bcex cayvasx onTHMAa/IbHOE
pacipeeaenne pecypea = eJHHCTBEHHO.

Jamevarue. OQUTHMATBEHOE DacHpeie/ieHHe pecypca MPeIoIaraeT ero Bbl-
JeJIeHHe HecKOIBKUM cIabbiM MYVHKTAM ¢ BeIpaBHHBaHHEeM 3QiperTta nmo srmm
Ty HK TAM.

PELCCI&-:IOTPHM AJTOPUTM MOUCEA ONTHMAJJBHOMD paclpele/IeHUA pecypca. Be-

peM mociienosaTebHo k =mn,n — 1, ..., 1 u pemaeM cuctemy vpasHeHHTT
T
A0 = 7 = 200 = L0
file])=C,i=1.. k x;=0,i=k+1, ..n, r; =A (3)
i=1

oTHOCHTe TEHO Hen3BecTHRIX C, Y, ..., 2% . Ecyin nmojyuennoe pemenne nieeT HeoT-
pHIATeLHEe KOMIOHEHTHl 70 W OpH k < N BHIIOJIHEHO HepapencTBo (' <
fre1(0), To 2° — onTHMatEHOE pacnpenenenne pecypea. B npoTHBHOM ciIydae

VMeHbIIacM SHadeHHe k 1 BHOBB peliaeh CHCTeMY.

TT
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40. YcnoBusi oNnTMMaribHOCTU U anropuTM AnA 3agaduv AUCKPEeTHOro MakCMMUHA.

Hepeﬁ,n;eM Teneph K 3alatde THCKPeTHOO MaKCHMHHAL

. - 4 I
Imnax I1nin iy ) = 1Nl ;). I
max min fi(rs) = min fi(z;) (1)

3naecek fi(t) — BozpacTtaonme GYHKIHH [eJIOr0 apryMeHTA.
IMonomum I = {1,....,n} u gua r € M}, onpeiesnyM MHOKECTBO

I(r) = Argmin f;(x).
=3

O6oznaunm gepes |[(x)| uncno snemenros Muoxkecrsa [ ().

Teopema 3.9. llycte 2% — Takoe ONTHMAJLHOE PACHPEIE/ICHIE DECYPCOB
zagaqn (), npu koropom senmuuaa |I(2*)| MEHIMATBHA CPEJTH BCEX ONTHMAh-
HBIX pacnpenesreHnii. Torma Heo0X0IHMO BBINOIHEHO VCGIOBHE:

ecau x; > 0 10 11%1%1” filxy) = filxf — 1), (3)

Yenosue {3) ABJHeTCH NOCTATOYHBIM YVC/JI0BHeM OITHMAJIBHOCTH.

Jamevanue. Yepopne (3) HOKA3BIBAET, YTO IPH MOIOKUTEIBHON KOMIIOHEHTE
7 BeIHIHHA fj(;t.‘;} HIH3Ka K 19:2211” filx?). D10 AuCKpeTHEBIN aHAIOr NPHHIIAIA
VPaABHHBAaHUH. o

PacemMoTpuM airopuTM MOHCKA ONTHMAIBHOTO pacnpenenenns sanaqan (1)
ITycrs 'Y — npomssosbHOe pacnpenenenne pecypea. JomyceTun, 4To AICOPHTM
npopaboTtan g0 k-ro mara w Mel nogyaman pacnpenerenne 5 Eemn noa 2(F)
BBINOJTHEHO yeaoBue (3), To mo Teopeme 3.9 0HO # 6YIeT HCKOMBIM ONTHMAJTEHBIM
pacnpegenennem. domyerun, aro mas x5 yenosue (3) me pwmonmeno. Torma
Hail/lercsa Takoit HoMep j, 9TO ;I.‘;k} =0mn fj(;r;.‘ —1) > 1%_1__15;_1” Sfilz?). Onpenesm

nopoe pacnpenenenne 1) = 2 kak 3710 ¢IeTaHO B IOKAZATEILCTEE TEOPEMEI
3.9. IIpu srom HyzkHO 3amennts = Ha %), MoryT BOSHHKHYTH ABA CIIyuast:
1) I(x*)) = {I}. Torga

. (k+1) . (k)
111111 S Tl = omin L
1<i<n fil; ) 1<i<n fil:™)

2) [I(z*))| > 1. Torna
. (k+1 . (k (K _ !
min f;(z; Y = min filz; N, mo [I(zF1)| < [I(z*))].

Takum 06pazom, Ha Kazk[I0M IHare aJropuTMa jub0 yBeJlHuHBaeTcd 3HATe-
rne hYHKINE MEIHAMYMa, 160 cokpamaercs mMaoxectso I (%)), Orciona cie-
JIVeT, 9T0 aJrOPATM 3aKOHUHT paboTy depea KOHeTHOe JHC/I0 MATOB, IOCKOIBKY

T
MHOzKecTBO M) colepKuT KOHeuHOoe YHCIO 3/IeMeHTOB.
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41. Nemma N'nMooca. 3agaya noucka oobekra.

Paccmorpum eme onHy HenpepeIBHYIO 3aady

s

féﬁ;f¢[4fé)=;f¢[i‘?3- (11)

[Ipumep naTepnperanun 2axaun. HasecTop pacupene/iser KanuTaa A mo n mpo-
extam, rjae f;(t) — npubeLib, noIyYaeMas OT BJIOXKEHHA KATUTANIA T B i-if IPOEKT.
B ornuune ot aanaun (1), dyakmun f;(f) neobazarensno pozpacratomniue. IIpe-
noJozKuM, 9To oun guddepenmupyemsr Ha orpeske [0, Al

Teopema 3.10.(/Temma I'n66ca). Ilyers 2 — onTuMansaoe pacnpenerenme

pecypca B 3agade ([1). Torna maifinerca Takoe 4ucio A, 9TO BBIIOJHEHO CIIEIY-
[oIee HeoOXOIHMOe VCIOBHE:

flzd)y = A, 29 =0, ()
f:[tg] < A, ;’CEI = (.

Ecnn dbyakoun fi(t) BormyTer, To (1) gBiasercs TOCTATOYHBIM YCIOBHEM
ONTUMAJIEHOCTH. Eenn nonoiHnTe1bHO H3BecTHO, 4To QVHKIHA f;(f) ABaXK bl
mudpchepenipyeMbl 1

F10) = £3(0) > .. = f1(0), f'(0)<0,i=1,...n,
TO HalijleTcd Takoll Homep [, 9T0

2 =0, i=1,..,020=0i=14+1,..n

Ipusmep. 3anaua noucka obbeKTA.

ObBeKkT nmpsgYeTcs B 1 BO3MOMKHEBEIX o0acTax ¢ HoMmepamu i = 1, ..., Ee-
JIH OH HAXOIUTCS B i-Off 001aCTH M NMOUCK B Hell BeleTcd B TeUeHHE BPEMeHH
t, TO ycIOBHAS BepOATHOCTEL ero oOHapysKeHHs pasHa 1 — e it rme p; > 0.
O6ozHaunM uepes p; U3BECTHYIO ANPHOPHYIO BEPOATHOCTh HAXOXKJICHNHA 00beK-
Ta B i-it obnactu. Ilyere A — obmee Bpemsa nouncka oobekTa. CTpaTerns momucka
r = (r1,..,r,) € My ozragaer, uTo 0O0beKT B 0OJIACTH i HINETCS B TeUEHHE Bpe-

mn
menn r;. Torna > p;(1—e #i¥) — nogHAas BepoATHOCTE 06HAPYIKEHIA 00LEKTA,
1=1
KOTOPVIO HeOOXOIUMO MIHHUMU3HPOBATE.
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42. Kputepum Npocca 1 anroputm Ans 3agaym BbINyKNoOro Leno4YmcrieHHoro
nporpaMmMupoBaHUS.
Pacemorpum muckperssnit aganor zamaan (I7) :

max »  fi(x:) =) file]) (11’
i=1 i=1

M)

3neck f;(t) — BoapacTammue (pYHKIHHA I1e/10r0 apryMedTa. Ilyers, Kpome Toro,
BBITIOJTHEHO CJIeJyIollee VeJI0BHe BOTHY TOCTH:
ec r; = 0, 1o filx;) = 0.5(files + 1) — filz; — 1)) wnm

filz;) — file; — 1) = filz; + 1) — filz:). (1)
Hepagencreo (1) o3HAuaeT, 4TO pa3HOCTh MeXKIy 3HAUEHHAMH (pyHKIHH f; B
COCEIHIX TOTKAX HE BO3DACTAET.

Teopema 3.10. (Kpurepuit I'pocca). B caenanubx npeinonoKeHnsix nycThb
r* — omTHMAaJLHOE pachpeleinenne pecypea b sagade (I7)'. Torna mua x* Bel-
[OJIHEHO HeODXOAUMOe U JIOCTATOYHOE VCIOBHE:

.I‘; =>0= fj['f‘;] — fj[;’f.‘; — 1] = nla‘--‘gl[fg(r: —+ 1] — fz(?:]] (2)

P



